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Apollonius’ problem using equations of
tangent circles

El problema de Apolonio usando
ecuaciones de circulos tangentes
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Abstract Tangent conic sections to the graph of a function are used to solve
the Apollonius’ problem. This manuscript presents a new method to solve
this problem. The statement of the Apollonius’ problem can originate ten
cases. Here, three cases are solved. Namely, three lines (LLL), one line and
two points (LPP) and three circles (CCC). These three combinations consider
the three objects: circle, line and point. The solution is similar in the other
seven cases of the problem. When the objects, line or circle, are part of the el-
ements of the problem, the line or circle are taken as functions. When a point
is an element of the problem, the equation of the tangent circle must contain
this point. The equations of the tangent circles in the form center-radius are
applied to these functions. Since the unknown tangent circle is tangent to the
other objects (or passes through the eventual given points) of the problem,
the different equations produce a system of non-linear equations. From the
solution of this system of equations can be obtained the center-radius of the
unknown tangent circle and the points of tangency.
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Resumen Secciones cénicas tangentes a la grafica de una funcién son us-
adas para resolver el problema de Apolonio. Este articulo presenta un nuevo
método para resolver este problema. El planteamiento del problema de Apolo-
nio puede originar diez casos. Aqui, se resuelven tres casos. A saber, tres
lineas (LLL), una linea y dos puntos (LPP) y tres circulos (CCC). Estas tres
combinaciones consideran los tres objetos: circulo, linea y punto. La solucién
es similar en los otros siete casos del problema. Cuando los objetos, linea o
circulo, son parte de los elementos del problema, la linea o el circulo se toman
como funciones. Cuando un punto es un elemento del problema, la ecuacién
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del circulo tangente debe contener este punto. A estas funciones se les aplican
las ecuaciones de los circulos tangentes en la forma centro-radio. Dado que el
desconocido circulo tangente es tangente a los otros objetos (o pasa por los
eventuales puntos dados) del problema, las diferentes ecuaciones producen
un sistema de ecuaciones no lineales. De la solucion de este sistema de ecua-
ciones se puede obtener el centro-radio del circulo tangente desconocido y los
puntos de tangencia.

Palabras Claves Apolonio, problema, tangente, circulo.

1 Introduction

The Apollonius’ problem is as follows: ”To construct the circle o circles tan-
gent to three given circles” (Johnson, 1960, p. 118) The statement of the
Apollonius’ problem can originate ten cases of the problem. The unknown
circle can be tangent to any three objects (circles, lines and points). The
most difficult case of the problem is the three circles (CCC). The three cir-
cles (CCC) problem has generally eight solutions. Various geometric and
analytical solutions have been found for the Apollonius’ problem (Altshiller-
Court, 1952; Courant & Robbins, 1941; Coxeter, 1968; Gheorghe, 2020; Gisch
& Ribando, 2004; Johnson, 1960; Lewis & Bridgett, 2003; Muirhead, 1896).
Here, a new solution strategy to the previously published solutions is shown.
The solution is based in the application of the tangent conic sections to the
graph of a function (Gémez-Villarraga, 2021).

A tangent circle can be obtained from a tangent conic section. A tangent
circle can be obtained from a tangent ellipse taking the semi-major axis and
the semi-minor axis equal to the radius (Gémez-Villarraga, 2021, 2022; Lei-
thold, 1998; Swokowski & Cole, 2008). The equations of tangent circles in the
form centerradius are the most appropriate to solve the Apollonius’ problem.
The equations in the form center-radius are obtained from the parametric
equations of tangent circles (Gémez-Villarraga, 2021). The solution to the
Apollonius’ problem is illustrated with the three cases: three lines (LLL),
one line and two points (LPP) and three circles (CCC). The different com-
binations in the Apollonius’ problem can originate ten cases of the problem
(Altshiller-Court, 1952; Courant & Robbins, 1941; Coxeter, 1968; Johnson,
1960). The solution strategy is similar in the other seven cases of the problem.

The solution method is described next. The Apollonius’ problem consid-
ers three objects: circle, line and point (Altshiller-Court, 1952; Courant &
Robbins, 1941; Coxeter, 1968; Johnson, 1960). When the objects, line or cir-
cle, are part of the elements of the problem, the line or circle are taken as
functions. When a point is an element of the problem, the equation of the
tangent circle must contain this point. The equations of the tangent circles
in the form center-radius are applied to these functions. At this point, the
tangent circles to the functions are determined. Since the unknown tangent
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circle is tangent to the other objects (or passes through the eventual given
points) of the problem, comparing the different equations produces a system
of non-linear equations. The solution of this system of equations gives the
radius of the unknown tangent circle and the points of tangency. The center
of the tangent circle can be obtained from the previous results and any of
the equations in the form center-radius.

Additional calculations are performed. The values of the derivatives at the
points of tangency for the given elements (lines or circles) and the obtained
tangent circle are calculated. The results here obtained (center-radius) for the
case three circles (CCC) are compared with the results from other previously
published method (Courant & Robbins, 1941, p. 125-127).

2 Equations of tangent circles in the form center-radius

The parametric equations for the first tangent circle! with radius r to the
graph of a function f at the point P (zo, f (z0)) are given by (Gdémez-
Villarraga, 2021):

z(t) = TSin(t)\;ﬁ([j‘/’zr[‘;(])z(t)+1] + 29 (Gémez-Villarraga, 2021, p. 38) (1)
o

y(t) = fl(wo):/s?ﬁ;jzr[‘;c]’z(wr” + f (z0) (Gémez-Villarraga, 2021, p. 38) (2)
xo

Reordering the equations (1) and (2):

QR Pr— ) PR s (LD 3)
1+ [f/ ({L‘O)} 14+ [f/ (-TO)}
y(t) — | f (x0) + r _ rf' (xo) sin(t) + r cos(t) )
: O L+ [ (o))

Adding the square of the equations (3) and (4)? (Appendix A.1):

2 2
_ _ o rfi(zo) _ . r _ .2
{x {“"0 Jmf/(zo)PH * {y [f (o) + \/1+[f'(m>}2” = )

1 @ and b have been replaced by 7.

2 Replacing z(t) and y(¢) by = and y.
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Similarly, the parametric equations for the second tangent circle® with
radius r to the graph of a function f at the point P (xg, f (z¢)) are given by
(Gémez-Villarraga, 2021):

z(t) = *”i“@ﬁi E}f{))’“g]f““*” + 20 (Gémez-Villarraga, 2021, p. 38)  (6)
o

y(t) = 7f/(x°z;fi+n[(;?(r[)clgs(t)+1] + f(z0) (Gémez-Villarraga, 2021, p. 38)  (7)
o

Reordering the equations (6) and (7) :

z(t) — |zo + rf’ (xo) _r sin(t) 4 rf’ (xo) cos(t) @®
LI o)l 141 (o)
y(t) — | f (zo) — " | - —r f' (xg) sin(t) — rgcos(t) ©)
: L (o) L+ [f (w0)]

Adding the square of the equations (8) and (9)* (Appendix A.2):
o 2 2
rf’(zo r 2
{.’L‘ |:-TO + 1+[f’(2’,‘0)]2:| } + {y |:f (330) /1+[f/($0)]2:| } r ( )

3 Apollonius’ problem using equations of tangent circles

3.1 Three lines (LLL)

The circles tangent to the three lines 1,1l and I3 are found in this case. The
lines l1,lo and I3 are shown in the figure la. The equations of the lines are
taken as functions and their derivatives are calculated:

f(x) =y=x+3(line ) (11)
flla)=y' =1 (12)
f(z) =y =—x+1(line ly) (13)
fllz)=y'=-1 (14)
f(z) =y =—5xz+18( line I3) (15)
fllz)=y'=-5 (16)

3 g and b have been replaced by 7.

4 Replacing z(t) and y(¢) by = and y.
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First, the tangent circle C; is calculated. z¢,;, corresponds to the tangency

point between the circle C; and the line ;. The equation (10) is used to
determine the second tangent circle C; in relation to the line [y :

2 2
oo g} f- -]} -2 o0

1+[f,(1’”3111)}2
The equations (11) and (12) are used to calculate f (xzc,;,) and [’ (z¢c,1,) :

f(zcy,) = 2cy, +3 (18)
f(ze,) =1 (19)

Replacing the equations (18) and (19) in the equation (17) :

{a:— [xclzl +i1§1§} }2+{y— [ﬂfclzl +3—§1§} }QZRf (20)

The tangent circle C; can also be calculated in relation to the lines Iy and
l3-xc,1, corresponds to the tangency point between the circle C; and the line
l2. The equation 5 is used to determine the first tangent circle C; in relation

to the line 5 :
2 2
_ _ ]le/(zcl’Q) _ Ry — R2
{x |:‘,'E(C112 e T } + {y [,f (zcy1,) + 1+[.f’(wclu)]2] } =R{ (21)

The equations (13) and (14) are used to calculate f (zc,1,) and f' (zcyi,) :

f (x(cll2) = —Tcyl, T+ 1 (22)
fl (mCIIZ) =-1 (23>

Replacing the equations (22) and (23) in the equation (21) :

e BJY o s Bl s o

xc,y 1, corresponds to the tangency point between the circle C; and the line
I3. The equation (10) is used to determine the second tangent circle C; in

relation to the line I3 :
2 2
} + {Z/ - [f (weyts) — m] } =R} (25>

The equations (15) and (16) are used to calculate f (zc,1,) and f’ (zc,is):

Ry f' (zcyis
{I - |:I(Cll3 + d (TVUJ) >

1+[f’(1«:1[3)}
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f (xCIZS) = —dxc,, +18 (26)
f/ (‘rcﬂs) =-95 (27>

Replacing the equations (26) and (27) in the equation (25) :

b - e ) o

The equations (20),(24) and (28) are the equations of the tangent circle
C;. The equations are the same. From the equations (20) and (24) :

Zeyn + % =y, + % (29)

From the equations (24) and (28) :
ey, + % = 2Cyls — 5% (30)

From the equations (20) and (24) :
Tey, +3 - % = —ac,, +1+ % (31)

From the equations (24) and (28) :
—zc,, +1+ % = —drc,1, +18 — % (32)

There are four equations ((29), (30), (31) and (32) ) with four unknowns
Ry, 2,1y, Tcy1, and xc,i,. Solving the system of equations (equations (29)-
(32)) (Appendix B.1):

S ﬁ 1 (33)
ver, = ﬁ - (34)
Tl = g +2i/ﬁ * 10\/1*21 % (35)
K= v 30
he, = ; fi/ﬁ - (37)



In the figure 1b is plotted the tangent circle C;.

Other tangent circles can be determined. Using a similar procedure the
tangent circle Cs is calculated. xc,;, corresponds to the tangency point be-
tween the circle Cy and the line /3. The equation (10) is used to determine
the second tangent circle Cs in relation to the line [y :

2 2
} + {y - [f (Teo1,) — M] } =R3 (39)

The equations (11) and (12) are used to calculate f (xc,i,) and f' (zcy, ) -

{x - {%211 bRl aen)

1+[f,(“7211)}2

f (xczl1) =gy, +3 (40)
f/ (1‘(@2[1> =1 (41)

Replacing the equations (40) and (41) in the equation (39):

o B) b on Bl

The tangent circle Co can also be calculated in relation to the lines Iy and
l3 - x¢,1, corresponds to the tangency point between the circle Cy and the
line l5. The equation (5) is used to determine the first tangent circle Co in
relation to the line [y :

2 2
e - sz/(ZchQ) o - 2 _
{I |: ol 1+[f’(wcz,2)]2 } i {y |:f ( C212) " 1+[f£]?$‘12’2)]2:| } R% (43)

The equations (13) and (14) are used to calculate f (xc,i,) and f' (zcy,) -

f (‘Tczlz) = —TCyl, T+ 1 (44>
fl (1’@212) =-1 (45)

Replacing the equations (44) and (45) in the equation (43) :

{x — [:cwg + il%} }2 + {y - {—xwg +1+ il%] }2 =R3  (46)

xc,1, corresponds to the tangency point between the circle Co and the line 3.
The equation (5) is used to determine the first tangent circle Cy in relation
to the line I3 :

2 2
} + {y - [.f (Tey1s) + M] } =R} (47)

R2f/(15213)
T — Ty, — ———2
{ |: Cals 1+[f’(z(;213)}2
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The equations (15) and (16) are used to calculate f (xc,i,) and f' (zey,) -

f (x(czls) = _51"(Czl3 +18 (48)
f/ (x(czls) =-9 (49)

Replacing the equations (48) and (49) in the equation (47) :
R, 1) R, 1\°
{m — [9&0213 + 5\/%] } + {y - {—51@213 + 18+ \/%] } =R3 (50

The equations (42), (46) and (50) are the equations of the tangent circle Cs.
The equations are the same. From the equations (42) and (46) :

Ry R,
Tyt + E = TCyl, T ﬁ (51>
From the equations (46) and (50):
R Ry
T +—==z +5— 92
Calo \/§ Cals \/% ( )
From the equations (42) and (46) :
RQ RQ
TColy +3 - ﬁ = —TCsls + 1+ E (53)
From the equations (46) and (50) :
RQ RQ
—XCyl, + 1+ ﬁ = —5.’E(C2l3 + 18 + \/7276 (54)

There are four equations ((51),(52),(53) and (54)) with four unknowns
R, Tcyty, Toyl, and Ze,i,. Solving the system of equations (equations (51)-
(54)) (Appendix B.2):
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21 1 (55)
Tyl = —————F— —
Ch T 10— 2v13
21 1 (56)
XCply = ————F— —
©b T 10— 2V13
21 105
T = - - 57
©b T E /13 10v/13 — 26 (57)
21
Ry= —— 58
"= a3 %)
21
he, = ——_ _ 59
Co 5 _ \/ﬁ ( )
ke, =2 (60)

In the figure 1c is plotted the tangent circle C;. The tangent circle Cj
is calculated. zc,;, corresponds to the tangency point between the circle Cs
and the line /;. The equation (5) is used to determine the first tangent circle
Cs in relation to the line [; :

2 2
r— |z _ R3‘f/($\1?3’1) _ z R3 — R2
{ |: Caly 1+[f’(1'c311)}2 } + {y |:f( CSll) + 1+[f’(l'c311)]2:| } R-S (61)

The equations (11) and (12) are used to calculate f (zcy,) and f/ (2xcg,)

f (mCSZI) =Tey, +3 (62)
f/ (‘rﬁczh) =1 (63)

Replacing the equations (62) and (63) in the equation (61) :

o ) oo Bl 5o

The tangent circle C3 can also be calculated in relation to the lines Iy and
l3 - x¢,1, corresponds to the tangency point between the circle C3 and the
line I3. The equation (5) is used to determine the first tangent circle Csz in
relation to the line [y :

2 2
S PR Y GOV s s _R
{x |: o 1+[f’(’”(3312)]2 } i {y |:f( C312) i 1+[f£]?1‘33’2)]2:| } Rg (65)

The equations (13) and (14) are used to calculate f (zcy1,) and f/ (xcg1,)
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/ (x(calz) = —Zgyl, +1 (66)
f/ (mcslz) =-1 (67>

Replacing the equations (66) and (67) in the equation (65) :

R e T

Zc41, corresponds to the tangency point between the circle C3 and the line
I3. The equation (10) is used to determine the second tangent circle C3 in

relation to the line I3 :
2 2
} + {y - [f (Te,) — M] } =Rj (69)

The equations (15) and (16) are used to calculate f (xc,i,) and f' (zey,) -

{x - {-’L’(Cglg + _Faf (wegtg)

H'[f,(’”%ls)]g

f (x(csls) = =3y, + 18 (70)
f/ (1‘(@3[3) =-9 (71>

Replacing the equations (70) and (71) in the equation (69) :

{x - [xcgl?, - 5\152%] }2 + {y - {—53:(5313 + 18 — \]5216] }2 =R} (72

The equations (64), (65) and (72) are the equations of the tangent circle Cs.
The equations are the same. From the equations (64) and (68) :

R3 R3
LCsly — ﬁ = TCyl, T+ ﬁ (73)

From the equations (68) and (72) :

R Rs
T +—==z - 5—= 74
Cslo \/§ Csls \/% ( )
From the equations (64) and (68) :
R R
‘/L.Cgll - 73 = nglQ + 73 (75)

V2
From the equations (68) and (72) :

V2

Rs Rg
(E(CSZZ + ﬁ = (E(CSZS — 5\/7276 (76)
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There are four equations ( (73), (74), (75) and (76)) with four unknowns
R, Tcyty, Togl, and Zegl,. Solving the system of equations (equations (73)-
(76)) (Appendix B.3):

Tey, = —1— 2¢1331+ -+ ¢§+ 1 (77)
Tegl, = —1— ﬁ (78)
ey, = —1+ %;Jﬁ (79)
R~ v (50
he, = —1 (81)
ke, =2+ % (82)

In the figure 1d is plotted the tangent circle Cs.

The tangent circle C4 is calculated. xc,;, corresponds to the tangency
point between the circle C4 and the line ;. The equation (10) is used to
determine the second tangent circle C, in relation to the line [y :

2 2
} + {y - [f (Teu,) — m] } =R} (83)

The equations (11) and (12) are used to calculate f (zc,i,) and f' (zc,,) :

{I B {%411 + Rl lean)

1*“'(’”6411)}2

f(zeg) = e, +3 (84)
f(re,) =1 (85)

Replacing the equations (84) and (85) in the equation (83):

o

The tangent circle C4 can also be calculated in relation to the lines Iy and
l3 - x¢,1, corresponds to the tangency point between the circle C4 and the
line l5. The equation (10) is used to determine the second tangent circle Cy4
in relation to the line [ :

{I - {%412 PTG

1+[f,(1’”3412)}2

2 2
} + {Z/ - [f (Teqt,) — ijk}lm)]z] } =R} (87>
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The equations (13) and (14) are used to calculate f (xc,i,) and f' (zc,,) :

f (LL'C4[2) = —&cy, +1 (88)
fl ($C412) =-1 (89)

Replacing the equations (88) and (89) in the equation (87) :

R R

xc,1, corresponds to the tangency point between the circle C4 and the line
I3. The equation (10) is used to determine the second tangent circle C4 in

relation to the line I3 :
2 2
} +{Z/ [f(mcals)m]} =Rj (91)

R ()
{‘” {Ewg * L[ (wears)]*
The equations (15) and (16) are used to calculate f (x¢,i;) and [/ (zc,,) :

f ($C4lg) = —5:6([;413 +18 (92)
f/ (x(C4l3) =-5 (93)

Replacing the equations (92) and (93) in the equation (91) :

{a? — [st - 552%] }2 + {y - {51;@413 + 18 — \Hj%] }2 =R?  (94)

The equations (86), (90) and (94) are the equations of the tangent circle Cy.
The equations are the same. From the equations (86) and (90) :

Ry R

Teyl, + ﬁ = XCyly — \/§ (95)
From the equations (90) and (94) :
Ry Ry
T ——= ==z — 99— 96
From the equations (86) and (90) :
R4 IR4
TCyly +3 - E = —TCyl, +1—- ﬁ (97)
From the equations (90) and (94) :
R R
—xe, +1— —= = —Bagy, + 18 — ——= (98)
V2 V26
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There are four equations ((95), (96), (97) and (98)) with four unknowns
Ry, xcy1y, Tegl, and xe,i,. Solving the system of equations (equations (95)-
(98)) (Appendix B.4):

Tey, = —1+ 2\/1331_ 5 \/él_ 1 (99)
Ty, = —1+ % (100)
Ty, = —1+ %;/ﬁ (101)
Ry = ﬁ (102)
he, = —1 (103)
ke, =2 — % (104)

In the figure le is plotted the tangent circle C4. The derivatives at the
tangency points for the tangent circle C; can be found in the Appendix C.
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(b) The tangent circle C;.

Fernando Gémez-Villarraga



(c) The tangent circle Ca.

(d) The tangent circle Cs.
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(e) The tangent circle Cy4.

Fig. 1: Three lines (LLL).

Source: Own creation

3.2 One line and two points (LPP)

The circles through two points Py, P, and tangent to a given line [ are found
in this case. The points P;(1,7), P»(6,8) and a given line I,y = z — 5, are
shown in the figure 2a.

The equation of the line is taken as a function and its derivative is calcu-
lated:

=z —5(linel) (105)
r—1 (106)
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A second tangent circle does not originate a possible solution. The tangent
circle C; is calculated. z¢,; corresponds to the tangency point between the
tangent circle C; and the given line . The equation (5) is used to determine
the first tangent circle C; in relation to the given line [ :

ol mreed WL T m Ve
{.L [‘LCM 1+[f'(wcll)]2 } +{J |:f(lCll)+ 1+[fnj{($cu)]2:|} Rl (107)

The equations (105) and (106) are used to calculate f (zc,;) and f (zcy) :

f (x(cll) = Zcyl — 5 (108)
f(acy) =1 (109)

Replacing the equations (108) and (109) in the equation (107) :

b B o o By s o

The circle (equation (110)) contains the point P;(1,7) :

) B L S S

The circle (equation (110)) contains also the point P»(6,8) :

) R I ) S

There are two equations ((111) and (112)) with two unknowns R; and zc,;.
Solving the system of equations (equations (111)-(112)) (Appendix D). There
are two tangent circles as solutions for C; (C14 and C;_). C;4 with ra-
dius Ry and center (hc,+,kc,+) and C;_ with radius Ry_ and center

(h(cl*’ k(clf) :
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59 + 1001
TCu+ =~ (113)
NG {3 (59+\4/1001> _ 15}
1—+/1001
he,+ = — =5 (115)
195 + 54/1001
ke = ot 2O (116)
59 — /1001
T = —— (117)
V2 [3 (59—\4/1001) _ 15}
R,_ = . (118)
1+ +/1001
hey- = ——— (119)
195 — 5v/1001
heym = ———— (120)

In the figures 2b, 2c and 2d are plotted the tangent circles Cy4 and Cy_.
The derivatives at the tangency points for the tangent circle C;4 can be
found in the Appendix E.

In the figures 2b, 2c and 2d are plotted the tangent circles C;; and C;_.
The derivatives at the tangency points for the tangent circle C;4 can be
found in the Appendix E.



(a) Two points P1, P> and the given line I.

y

(b) The tangent circle C 4.

19
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(c) The tangent circle Cy_.

(d) The tangent circle C;4 and C;_.

Fig. 2: One line and two points (LPP).

Source: Own creation

3.8 Three circles (CCC)

The circles tangent to three circles C7, Cy and C3 are found in this case. The
circles C1, Cy and C5 are shown in the figure 3a. The equations of the circles
are taken as functions and their derivatives are calculated:
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fx)=y=+v4—2% (upper semicircle C;) (121)
! / €
fl@) =y = = (122)
flx)=y=—vV4—2%2 (lower semicircle Cy) (123)
fllz)=y' = Vi (124)
f@)y=y=4v9—(x—7)2—-1 (upper semicircle Cs) (125)
N x =17
P =y =t e (126)
f@)=y=—/9—(z—T7)2—-1 ( lower semicircle Cs) (127)
fa) =y = =t (12)

VI—(x—7)2
f(z) =y=++/16 —(z —3)2+10 (upper semicircle C3 ) (129)
NN x—3
flx)=y' = NSrED (130)
fx)=y=—v16—(x—3)2+10 (lower semicircle C ) (131)
-3

f’(x) = y’ = m (132)

The possible combinations of the different functions of the semicircles
C1,C5 and Cj are shown in the figure 3b. The plus + represents the up-
per semicircle and the minus - represents the lower semicircle. There are 8
combinations. The combination corresponding to the upper semicircle of Cy,
the upper semicircle of Cy and the lower semicircle Cs is implemented (figure
3c).

The tangent circle C,; is calculated. xc, ¢, corresponds to the tangency
point between the circle C; and the given circle Cy. The equation (5) is used
to determine the first tangent circle C; in relation to the given circle C] :

2 2
T — |z _M _ . Ry — R2
{ { {7 (rese )T } +{y [f o) 1+[ff<zc1cl>12” R

The equations (121) and (122) are used to calculate f (z¢,¢,) and f’ (zc,cy):

f (x(clcl) Y. 4 - x(%lCl (134)
f/ (xC1C'1) = - TCiC (135)

/ 2
4 — e
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Replacing the equations (134) and (135) in the equation (133):

2
Rize, oy
/4—1%101
T |Tco0 g —— +y—
142G
4—a2
S

Operating with the result (Appendix F.1):

{o- [oei0, + 2552 }2 +{y-[\f1-ate, 1+ 3)] }2 —R? (137)

The tangent circle C; can also be calculated in relation to the given circles Cy
and Cj - x¢, Cy corresponds to the tangency point between the circle C; and
the given circle Co. The equation (5) is used to determine the first tangent
circle C; in relation to the given circle Cs :

r— | _ R‘f/(mclcz) ’ y— T Ry ’ — R2
{‘L [ Crca 1+[f’(zclcg)]2 } * {J |:f ( CICZ) + 1+[f’(mclc2)]2:| } * (138)

The equations (125) and (126) are used to calculate f (zc,c,) and f/ (¢, c,)

f (x(clc2> =49- (mCIC2 - 7)2 -1 (139>

f (we,0y) = ——maCa T (140)
9— ('TCIC2 - 7)2

Replacing the equations (139) and (140) in the equation (138):

R](l C1Cp—7) 2
\(‘/‘97(1” - )'2

T — |2rc,0p T T Ty~
1 e o)

Operating with the result (Appendix F.2):

{o-

2c, ¢, corresponds to the tangency point between the circle C; and the given
circle C3. The equation (10) is used to determine the second tangent circle
C; in relation to the given circle Cj :

{a; — |:.”L'C105 + M } + {y - {f (J?CIC3) - 1+[J”]RE;c)]2:| } = R% (143)

1+[f/(7"3163 )]2

9— (w0, =77 =1+

xC102+W}}2+{y7{ 97(zcwf7)2(1+%)71}}2:11&% (142)
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The equations (131) and (132) are used to calculate f (zc,c,) and f/ (T, e, ):

f(ze,05) \/16 — (wc,c5 —3)2 410 (144)

"(xc,04) 1S (145)

\/16 l‘(clcg 3)

Replacing the equations (144) and (145) in the equation (143):

R1(zc, C; 2
—(vcy05-9)"

Operating with the result (Appendix F.3):

2
16— (zc,c, —3)° +10- —B | —r2 (146)
e

{x— {:ICS-FR(%}}Z-F{Z/— [— 16 — (2¢,e, — 3)° (1+%)+10”2:R% (147)

The equations (137), (142) and (147) are the equations of the tangent circle
C;. The equations are the same. From the equations (137) and (142):

R R -
re,0 + TS e, % (148)
From the equations (142) and (147):
R -7 R s — O
oo+ TG =D o RilEee, =3) (149)

3
From the equations (137) and (142):

R R
NI <1 + 21> =1/9— (z¢,c, — 7)° (1 + ;) —1 (150)

From the equations (142) and (147):

4

9—(zci0, — 7 (1+B) —1= /16— (zc,0, —3)° (1 + Bt) +10  (151)

There are four equations ((148), (149), (150) and (151)) with four unknowns
Ri,2cye,, Ty e, and xg, ¢y - Solving the system of equations (equations (148)-
(151)) (Appendix G):
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xc 0, ~ 1,41074 (152)
xc 0, & 5,05040 (153)
xTC,05 = 3, 18254 ( )
R, ~ 2, 68562 (155)
he, ~ 3,30510 (156)
ke, ~ 3,32134 (157)

In the figures 3d and 3e are plotted the tangent circle Cj.

Other tangent circles to the three given circles C7,Cy and C3 can be de-
termined similarly using other combinations of the figure 3b.

The derivatives at the tangency points for the tangent circle C; can be
found in the Appendix H.

The results here obtained for the case 3.3 Three circles (CCC) are com-
pared with the results applying the method in (Courant & Robbins, 1941, p.
125-127). The values of the radius R; and the center (h¢,, kc,) are the same
using both methods for the tangent circle C; -R; can be obtained as the roots
of a quadratic equation using the method in (Courant & Robbins, 1941, p.
125-127) and R; can be obtained as the roots of a quartic equation using this
method. Interestingly, the roots of the quartic equation contain the roots of
the quadratic equation.

B, f(x) =+J16—(x—3)*+10

C; }
s f(;';;—\flé—(x—S):-O—lO

fl)=+Ja-x2 flx)=+/9-(x-7)*-1

s fx)==Jy9-(x-7)-1

(a) The circles Cq,C2 and C3.



¢ c, C;

AN AN
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(b) Possible combinations of the different functions of the semicircles Cq,C2 and Cs.

y
0
v G :
' i
, ’
A ’
\\ 7
5 flx)=—=J16—(x—3)*+10

fl)=+Ja—-x2 flx)=+J9-(x-7)*-1

(¢) Combination corresponding to the upper semicircle of C1, the upper semicircle of Cs

and the lower semicircle C3.

15

f(x)=—-J16—(x—3)*+10

(d) The tangent circle C;.
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flx) =+J16 — (x—3)*+10

Cy i

J
v /

5 f)=—Jo-(x-7-1
(e) The tangent circle C;.

Fig. 3: Three circles (CCC).

Source: Own creation

4 Conclusions

A new method is presented to solve the Apollonius’ problem. Tangent circles
to the graph of a function can be used to solve this problem. Three types
of the problem, three lines (LLL), one line and two points (LPP) and three
circles (CCC) are solved. The solution is similar in the other seven cases of
the problem.

When the objects, line or circle, are part of the elements of the problem,
the line or circle are taken as functions. When a point is an element of the
problem, the equation of the tangent circle must contain this point. The
equations of the tangent circles in the form center-radius are applied to these
functions. At this point, the tangent circles to the functions are determined.
Since the unknown tangent circle is tangent to the other objects (or passes
through the eventual given points) of the problem, comparing the different
equations produces a system of non-linear equations. The solution of this
system of equations gives the radius of the unknown tangent circle and the
points of tangency. The center of the tangent circle can be obtained from the
previous results and any of the equations in the form center-radius.

The values of the derivatives at the points of tangency for the given el-
ements (lines or circles) and the obtained tangent circle are the same. The
results here obtained (center-radius) for the case three circles (CCC) and the
results from other previously published method are the same.
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Appendix A. Equations of tangent circles in the form center-radius

Al. Addition of the square of the expressions for the first tangent circle with radius r
to the graph of a function f at the point P(x,, f(xo)) (Gémez-Villarraga, F. 2021)

[ o) F { _[ r W
%@ P°\ﬁ+wwm2 POt e reor

{rsin(t) - rf’(xo)cos(t)}2 N {rf’(xo)sin(t) + rcos(t)}2
V1+[f'(x0)]? V14 [f'(xe)]?

%@—Pr'7f%) }+@@—Vmw—

r 2
1+ [f'(xO)]zl}

I+ o)
r2sin?(t) — 2r2f'(xo)sin(t)cos(t) + r?[f'(xy)]?cos?(t)
1+ [f'(xo)]?
N r2[f'(x0)]?sin?(t) + 2r2f' (xg)sin(t)cos(t) + r?cos?(t)
1+ [f'(xo)]?
f'x) ) r i
{x(t) - [xo _m } + {Y(t) - [f(xo) +\/W } =
r2sin?(t) + r2[f'(x¢)]?cos?(t) N r2[f'(x0)]?sin?(t) + r?cos?(t)
1+ [f'(x0)]? 1+ [f'(xo)]?
) [ - L5 r+bm—pmw— . W=
I+ o) I+ o)
r2sin?(t) + r2cos?(t) + r2[f'(xo)]?sin?(t) + r2[f'(x)]?cos?(t)
1+ [f'(xo)]?
f'x) ) r i
{X(t) - lxo - m } + {y(t) - [f(xo) + \/Wl} =
r? 4+ r2[f'(x0)]?
1+ [f'(x0)]?

Replacing x(t) and y(t) by x and y:
o il e s el
EEEaTEenE Y VT o)

A2. Addition of the square of the expressions for the second tangent circle with radius
1 to the graph of a function f at the point P(xq, f(x()) (Goémez-Villarraga, F. 2021)

_T2




~ rf' (o) }2{ _l ~ r
*® lx Trreorl) VYTV e reor

{—rsm(t) + rf’ (xo)cos(t)} N {—rf’(xo)sin(t) - 7‘cos(t)}2

}22

(xo) + [f' (x0)]?

f'x) |° r ’
O e~ I CORI OB I -
Ot e reor) VO TS T A reor

r2sin?(t) — 2r2f'(xq)sin(t)cos(t) + r2[f'(xq)]*cos?(t)
1+ [f'(x0)]?
N r2[f'(x0)]?sin?(t) + 2r2f' (xq)sin(t)cos(t) + r?cos?(t)
1+ [f'(x0)]?

f'x) ° r
(t)—[ }+{(t>—[( )—
{x o) PO T A reor

r2sin?(t) + r2[f'(x¢)]*cos?(t) N r2[f'(x0)]?sin?(t) + r?cos?(t)
1+ [f'(x0)]? 1+ [f'(x0)]?

}2=

_ rf'e) _ _ r c
{x(t) [x" ST+ TGl } +{y © [f e [f'(xO)]Zl}
r2sin?(t) + r2cos?(t) + r?[f'(xo)]?sin?(t) + r?[f'(x)]?cos?(t)

1+ [f'(x0)]?

e +bo oo - 7] -
t) — +y(@) - — =
{x( ) [xo 1+ [f'(x0)]? S 1+ [f'(x)]?

r? 4l ()]
+[f'(x0)]?

Replacing x(t) and y(t) by x and y:

rf'e) r ’
X =%+ 7 +1y = |f(xo) — = =r?
V14 [f'(x)]? 14 [f'(x0)]?
Appendix B. Solution of the systems of equations for the case a) Three lines (LLL)

B.1. The tangent circle C4

Ry

R4
x(Clll + x(cllz + \/7 (1)

V2

Ry R4
Xe, T 5 = Xeuls — 5@ (2)



Ry _ R,
x(C111+3 \/E——X(Cllz'i‘l"‘ﬁ
R R
_x(c1lz +1+ T; = _SX(C1I3 + 18 — \/7_16

From the equation 1:

Xeily = Xeqly

Replacing the equation 5 in the equation 3:

Ry Ry
X(Cllz+3—_:—x«:112+1+_

Z N
R,
2x(C1lz =-24+2—

V2

R,
x(C1lz = ﬁ— 1

Replacing the equation 6 in the equation 2:

R, R < By
—_— — =X —_ R
VZ N G
x([:1l3_2\/—+5\/_—_1

Replacing the equations 6 and 7 in the equation 4:

R, R, R, . R R
——+1+1+—=—5( 5——1) 18 — —

2 2 NN V26
2= 10 _ 55 R s 1g -0
IR V26

21 = 10R 26R1
V2 V26

—21 = —5R;V2 — R;V26
21 = R,(5V2 + V26)

21

R = ez

Replacing the equation 8 in the equation 7:

21 21
5x/§+x/%+55\/§+\/%

7z N

x(C113 =2

@)
(4)

()

(6)

()

(8)



#2105 .
X = -
“h 7 10+ 2v13  10VI3 + 26

X s )
Cils = 5413 ' 10V13+26

Replacing the equation 8 in the equation 6:

21
_ 5vV2++26

x(cllz = T - 1

21
Xeyt, = 1042v13 (10)
Replacing the equation 10 in the equation 5:

21
Xail = Torzvis (11)

The equations 20, 24 and 28 (main text) have the format (x — h¢,)” + (y — k¢,)* = R2.
h¢,and k¢, can be calculated from any of these equations. Taking the equation 20:

R
he, = xcy, + T; (12)
Ry
k(cl :x(clll+3_ﬁ (13)
Replacing the equations 8 and 11 in the equation 12:
21
poo_ 2l 14+ 5V2++26
=T =" 1+—F
10 + 2V13 V2
21 21 21
€1~ To+2v13 10+2v13  5+V13 (14)
Replacing the equations 8 and 11 in the equation 13:
21
21 v/
k(C1 - 1 + 3 — M
10 + 2V13 V2
21 21
ke, = vy LT3 Ty (15)
B.2. The tangent circle C,
R R
XCyly + T; = X¢,l, + T; (1)
R R
Xy, T T; = Xy, T+ 5\/?26 (2
R R
Xep, ¥3-F = X, 1+ 5 ®3)



R R
_x(czlz +1+ Tz = _SX(CZIS + 18 + \/7_26

From the equation 1:
Xc,l, = Xy,

Replacing the equation 5 in the equation 3:

R, R,
X(C212+3—ﬁ:—x«:212+1+ﬁ
ZX(CZlZ \/_—2

R
X(Czlz = T;— 1

Replacing the equation 6 in the equation 2:

LN S 2

V2 N NG
R

x@213=2\/—;—5\/7_26—

Replacing the equations 6 and 7 in the equation 4:

1-2414t=5(2E 521

V2 V2 V2 V26

2= 10824 9582 L5 qg e B2
NS V26

21 = 10]R +26]R
\/_ \26

—21 = —5R,V2 + R,V26
21 = R,(5v2 — V26)

21

R, = 5vV2—26

Replacing the equation 8 in the equation 7:

21 21
,5VZ-26 _  5VZ-V%6 _,
xC213 \/E \/2_6
42 105

Xc, 1. = — —
©2l 7 10— 2vI3 10V1I3 - 26

R
+18 +—
26

(4)

(®)

(6)

(")

(8)



21 105

XC2ls T 5573 1oviz-26 1 ©)
Replacing the equation 8 in the equation 6:
21
_ 5V2-+26
x(Czlz = T -1

21
XCalp = 10-2v13 1 (10)
Replacing the equation 10 in the equation 5:

21

XClh T Toavis (11)

The equations 42, 46 and 50 (main text) have the format (x — h,)” + (y — k¢,)” = R2.
h¢,and k,can be calculated from any of these equations. Taking the equation 42:

R
he, = xXcy, + TZ (12)
Rj
k(cz :x(czll +3_E (13)
Replacing the equations 8 and 11 in the equation 12:
21
ho o= 21 1 4+ 5V2 V26
- =1t
10 — 2V13 V2
21 21 21
he, = To2vs T oy v 1 (14)
Replacing the equations 8 and 11 in the equation 13:
21
21 —f
k(Cz = — 143 - 5\/7—26
10 — 213 V2
21 21
ke, = e 1+3- oS = (15)
B.3. The tangent circle C;
R R
XC3l; — T; = Xgq1, TZ 1)
R R
Xy, T T; = X¢sl; 5\/?36 (2
R R
Xeg, ¥3+ 5= —Xe, 1+ 5 ®3)

R R
—Xg,, +1+ TZ = —5x¢,, +18 — \/7_36 4)



From the equation 1:
R
Xegly = Xegl, + 25

Replacing the equation 5 in the equation 3:

R Rs R3
xc3lz+25 +3+ﬁ: —X(C312+1+ﬁ
R3
zx(CSlZ =-2—- 25
Xcar, = —1 7

Replacing the equation 6 in the equation 2:

1 Rs + Rs 5 Rs
— — — — x — —
VZ vz BB T yz26
R
x(C3l3 = —1 + 5\/?36

Replacing the equations 6 and 7 in the equation 4:

R3 R3 R3
1+—+1+—=—5(—1+5—)+18—

V2 V2 V26
2+2R3—5 25R3+18 Rs
Nl V26 V26

21 = 26R 2R3
V26 V2

—21 = —R3V26 — R3V2
21 = Rs(V26 +/2)

21
V26+V2

R3:

Replacing the equation 8 in the equation 7:

21
x(C3l3 —1+5 2\6/216\/E
105
Xealy = 14 26+2V13

Replacing the equation 8 in the equation 6:

R3

V26

(®)

(6)

()

(8)

(9)



21

_ V26 +2
szlz =-1- T
21
x(CSlZ = _1 - 2\/ﬁ+2 (10)
Replacing the equations 8 and 10 in the equation 5:
21
21
x(C311=_1_ ‘|‘2\/%-I_\/E
2V13 + 2 V2
21 21
XCsl, = —1- 2/13+2  V13+1 (11)

The equations 64, 68 and 72 (main text) have the format (x — h(cg)2 +(y- k(c3)2 = R2.
h¢,and k¢ can be calculated from any of these equations. Taking the equation 64:

R
h(Cs = Xegly, T \/_; (12)
R
k(cg :x(c3ll+3+\/_% (13)

Replacing the equations 8 and 11 in the equation 12:

21
he = —1— 21 21 ez
Cs 2V13+2 | Vi3+1 V2

21 21 21 21 21
he, =—1-— NI e TE RN PR TE R Y Fety -1 (14)
Replacing the equations 8 and 11 in the equation 13:

21
. = 21 21 V26 +/2
¢ =—1- + 3+
2V13+2 Vi3+1 V2

21 21 21 21
ke, =—1-— vz tvmn 3t ame - 2t ma (15)
B.4. The tangent circle C,

R R,
Xeg, ¥ 5 = Xe, — 1)
R R,
XCyly — T% = XCulz — 5\/7% (2)
R R,

x@4ll+3—\/_%:—x«:4lz+1—?; (3)

R, R
—X(C412 +1—T;= —SX(C413 +18_\/Ti6 (4)

From the equation 1:



R4
XCyly = XCyl, — 2 NG

Replacing the equation 5 in the equation 3:

R +3 R, +1 R
Xc,1, — 2—= -—— =X -—
(C4_lz \/E \/E ([:4_12 \/E
R,
ZX(C412 =-2 + Zﬁ
R
Xc4lz =—-1+4+ T%
Replacing the equation 6 in the equation 2:
R R R
14— Culy = 5 4
V2 2 V26
R
X([:4l3 -1 + 5\/7;“6

1 R“+1 Ry _ 5( 1+5R“')+ R4
V2 V2 V26 V26
R, R, R4
2—2—2_-5_25—% 118 —%
V2 V26 V26

21 = 26R +2R
NG

—21 = —R,V26 + R,V2
21 = R,(vV26 —/2)

21

Re = v
Replacing the equation 8 in the equation 7:
21
x@4l3 =-1+ 526— ,2;6\/7
105
X(C413 =—-1+ 262713

Replacing the equation 8 in the equation 6:

21
26 —+/2

(5)

(6)

()

(8)

9)



21

Xeyl, = 1+ 5555 (10)
Replacing the equations 8 and 10 in the equation 5:
21
X4l =—1+2\/1£31_2—2‘/%\/%‘/§
xeq, = —1+ s~ s (11)

The equations 86, 90 and 94 (main text) have the format (x — h¢,)” + (y — k¢,)” = R2.
h¢,and k¢, can be calculated from any of these equations. Taking the equation 86:

R
he, = xXcy, + Tg (12)
Ry
k(c4:x(c4ll+3_ﬁ (13)
Replacing the equations 8 and 11 in the equation 12:
21
21 21 V26 —
h(c4 - —1 + - + 26 \/E
213 -2 J13-1 V2
21 21 21 21 21
he, =14+ s matms - 1t e ma =t (14)
Replacing the equations 8 and 11 in the equation 13:
21
21 21 V26 —
ke, = —1+ - y3_Y26-V2
2V13-2 J13-1 V2
21 21 21 21
k(c4=—1+2\/1_3_2—\/1_3_1+3——2\/ﬁ_2=2——\/1_3_1 (15)
Appendix C. Derivatives at the tangency points for the tangent circle C;
fl)y=y=1 (line 1)
fl)=y"=-1 (line 1)
ff)=y"=-5 (line I3)
21

Xpg = — 1
“h ™ 10+ 2V13
21

Xp g = — 1
Gl ™ 10 + 2v13
21 105 .
Xc 1. = -
Gl "5 VI3 10VI3 + 26




21

SN o
he, = L
5++13

ke, = 2

The equation of a circle with center (h(cl, k(cl) and radius R, is given by:

(x—he) + (v —ke,)” = R (Leithold, L. 1998)

Where two functions can be obtained:

flx) = \/]R{f —(x —h(cl)z + ke,

x—h(cl

R = (e,

flx) =-

f(x) = —\/Rf - (x—h(cl)z + ke,

x—h(cl

f'(x) =
R = (e,
21 21
— 1" +1
f’(x(C1l1) _ 10 -|; 2V13 5++13 2
21 21 21
\/(5\/§+m> _(10+2\/1_3_1_5+\/1_3+1>
2121
Floxen) = - 10 +2vV13 5413
( 21 )2_( 21 21 )2
5V2 + 26 10+2V13 5++13
21(5 +V13) — 21(10 + 2v13)
, (10 +2v13)(5 + V/13)
f'lxen) = -

(2L )2 B (21(5 +V13) —21(10 + zvﬁ))z
5V2 + 26 (10 + 2v13)(5 + V13)



105 + 21v13 — 210 — 4213
50 + 1013 + 10V13 + 26

f’(x(c1l1) ==

( 21 )2_(105+21\/1_—210—42\/1_32
5V2 + 26 50 + 10v/13 + 10V13 + 26

—105 — 21V13
76 + 20V13

(2 )2_<—105—21\/ﬁ>2
5V2 + V26 76 + 20v/13

105 + 21V/13
76 + 20V13

(2 )2_<105+21x/ﬁ>2
5V2 + V26 76 + 20V13

105 + 2113
76 + 20V13

441 11025 + 4410v13 + 5733
50 + 2013 + 26 (76 + zom)z

f’(x(c1l1) ==

f’(xc1l1) =

f,(x@1l1) =

105 + 21v13
76 + 20v13

441 16758 + 4410V13
76 +20V13 (764 20V13)"

f'(xe) =

105 + 21v13
76 + 20v13

441(76 + 20V13) — 16758 — 4410V13
(76 + 20v13)°
105 + 21V13
76 + 20v13

33516 + 8820v/13 — 16758 — 441013
(76 + 20v13)"

f’(x(c1l1) =

f'(xe) =




105 + 2113
76 + 20V13

16758 + 441013
(76 + 20V13)°

105+21v1

f(xc,) = M =1 derivative of the tangent circle C; at the tangency point x¢_;,
(105+21\/_)

(76+20\/ﬁ)2

f’(x(c1l1) =

21,21
10+2v 5+«/_

f' (x(c112

5x/_+\/_ (10+2;\/_ 1= 5+2\1/_ )

\/ 21 21
j

10+2\/_ 5413

(x(cﬂz

21 21 \?
5\/—+\/_ (10+2\/_ 5+\/_)

21(5 +V13) — 21(10 + 2V13)
(10 + 2v13)(5 + V13)

\/( 21 )2_<21(5+\/1_3)—21(10+2\/1_3)>2

f’(x(cﬂz) =

5v2 + 26 (10 + 2v13)(5 + V13)

105 + 21v13 — 210 — 4213
50 4+ 10v/13 + 10V/13 + 26

( 21 )2_ 105 + 21v13 — 210 — 4213\
5V2 + V26 50 + 10v13 + 10V13 + 26

—105 — 21V13
76 + 20413

( 21 )2 _ <—105 - 21x/1_3>2
5V2 + 26 76 + 20V13

105 + 21v13
76 + 20v13

( 21 )2 _ (105 + 21\/ﬁ>2
5V2 ++/26 76 + 20v/13

f’(x(cﬂz) =

f'(xe,) =

f’(x@ﬂz) ==




105 + 21V13
76 + 20V13

441 11025 + 4410v13 + 5733
50 + 20V13 + 26 (76 + 20@)2

f’(x(cﬂz) ==

105 + 21V/13
76 + 20V13

441 16758 + 4410V13
76 +20V13 (76 + 20v13)"

f’(x(cﬂz) ==

105 + 21V/13
76 + 20V13

441(76 + 20v13) — 16758 — 4410V13
(76 + 20V13)°

105 + 21V13
76 + 20V13

33516 + 8820V13 — 16758 — 441013
(76 + 20V13)°

105 + 21v13
76 + 20v13

16758 + 4410V13
(76 + 20V13)°

105+21v13

f'(xcy,) = — —Zs+20V13 _ — _1 (derjvative of the tangent circle C, at the tangency point
(105+21\/§)2
(76+20y13)"

f’(xcﬂz) ==

f,(x(cﬂz) =

f'(xe,) = =

Xcqly

20, 105 . 21
5++v13 10V13 + 26 5++/13

f,(x(cﬂs) ==

( 21 )2_( 21 105 21 +1>2
5V2 + 26 5++v13  10V13 + 26 5+V13
105
10V13 + 26

f’(x@1l3) ==

J(S\/EZ:\/%)Z B (10\/%5+ 26)



105
10v13 + 26

441 11025
50 + 20v13 + 26 1300 + 520V13 + 676

(X(C I3

105
10V13 + 26

11025
76 + 20\/_ 1976 + 520V13

f (x(C113) -

10V13 + 26

441(1976 + 520v13) — 11025(76 + 20V13)
(76 + 20V13)(1976 + 520v13)

105
10\/ 13 + 26

871416 + 22932013 — 837900 — 220500v/13
150176 + 3952013 + 3952013 + 135200

105

f! (x(cllg

f'(xeu,) = =

R
J 105
]
|

/ _ 10V13+26 - _ S\t :
f (x(cll3) = Jm 5 derivative of the tangent circle C; at the tangency
285376+79040/13
pOInt x(cllg

Appendix D. Solution of the system of equations for the case b) One line and two
points (LPP)

f1- [x(cll—% }2 +{7- [(x(cll -5)+ }2 = R? (1)
{6—|xeu— 3 }2 +{8 = |(xcu —5) + %]}2 = R? @)

Subtracting the equation 2 from the equation 1:
=2ty 2] [~ 2] = 36+ 12 ey 2]~ [~
—2|xc, ——= Xc,——=| — Xcq ——=|— |Xc, i ——=
Cql 2 Cql 2 Cql 2 Cql 2
]:Rl ]:Rl z Rl
49—14[x -5 +—]+[x -5 +—] —64+16[x -5 +—]
( Cql ) \/E ( Cql ) \/E ( Cql ) \/E

_ [(x(cll — 5) + %]2 —



—35+ 10[le —%] —15+2 [(x(cll —5) +%] =0

10 10, 10425 _ 5
Xc.; — 10— Xc.1 — — =
Cql 3 Cql >
81 _ 60— 12
—L e = J— X
NG} Cal
V2(60-12xc,;)  V2(15-3xc,;) V2(3x¢,1—15)
[Rl — _8 (Cll — _2 (Cll — (;11 (3)

Operating with the equation 1:

12~ 2] e ] 49— 140~ 5) 4 ] [ - ) + 2] =g

50 — 201+ 20 4 x2, — 2p o+ B 470 - 14804 (x¢, - 5)°
(Cll ﬁ (Cll (Cll \/E 2 (Cll ‘\/E (Cll
R, R

+2 —5)—+—=R?

(x(cﬂ )\/E + 2 1
120 — 16x —12&+x2 — 2x &+x2 — 10x¢,; + 25 + 2x &—10&— 0

(Cll \/E Cll (Cll \/z (Cll (Cll Cll \/i \/’Z
145 — 26x¢,, — 22 % +2x¢,=0 ()
Replacing the equation 3 in the equation 4:
V2(3x¢, — 15)
2

145 — 26x¢,; — 22 7 +2xg,;=0
145 — 26x¢,; — 11(3x¢, — 15) + 2x¢ ;= 0
145 — 26x¢,; — 33x¢,; + 165+ 2x¢ ; = 0
2x¢,; —59x¢, +310=0 (5)

Solving the quadratic equation 5:

59 +,/592 — 4(2)(310)

Xc1 = 4

59 ++/3481 — 2480
Xc1 = 4

59 +v1001
Xcl = -z

There are two solutions for x¢_; (x¢,;+ and x¢;-):



59+1001
XC i+ = P (6)

59-4/1001
Xe- =7, (7)

Replacing the equations 6 and 7 in the equation 3. There are two solutions for R; (R, and
R;-):

[, (59+V1001 ]
R, = PP (8)
1+ 2

vz _3(—59“2@)—15
Ri- =— ©)

2

The equation 110 (main text) has the format (x — hcl)2 +(y- k(cl)2 = RZ. h¢,and k¢, can
be calculated from this equation:

R
he, = x¢,1 — \/_% (10)

ke, = (xc,i —5) + % (11)

There are two solutions for h¢, (h¢,+ and h¢,_). Replacing the equations 6, 8, 7 and 9 in the
equation 10:

59 + 1001
ﬁ[3 (f)—ls] 559+ V1001) .
. 59 4+ 1001 > 59+ 1001 4
Ci+ = 4 \/E - 4 2
59 + /1001
— (22 VIUUL —59 — /1001 + 60
_ ( 4 >+15 7 _ 1—-+/1001
B 2 B 2 B 8
59 — /1001
x/i[3 <T)_15] 5 (59— VI00T) .
. 59 — /1001 > 59 —+/1001 4
Ci— — 4 \/7 - 4 2
59 — /1001
_ - v1001 —59 + /1001 + 60
B ( 4 )“5_ z 141001
- 2 B 2 - 8

There are two solutions for k¢, (kc,+ and k¢, ). Replacing the equations 6, 8, 7 and 9 in the
equation 11:

15

59 + 1001
() i
P 59 + /1001 am 5 59 ++/1001 - 4
C+ — 4 \/z - 4 2




5(59+— 21/1001>_15 295 + 5v/1001 — 60
z

235+ 5v1001
=5+ S P S

=5+

2 2 8
235+ 5V1001 —40 195 + 5v1001
B 8 B 8
59 — /1001
\/E[3<T>—15] 4 (59 = VIOOT\ _
e = 59 — V1001 : > 59 —+/1001 c 4
e V2 B 4 o 2
59 — /1001
22V ) - 295 — 5v/1001 — 60
5( 4 ) 15 7 235 — 51001
-5+ =-5+ =54+ — 8 ——
2 2 8
_235—5V1001—40 195 — 5v1001
B 8 - 8
Appendix E. Derivative at the tangency point for the tangent circle C4 .,
fllx)=y"=1 (line 1)
59 ++1001

Xeq i+ = - 4

AL (59 + \4/1001> B 15]
Riy = )

1—+/1001
how == —

195 + 5v1001

G+rTT g

The equation of a circle with center (h¢,,, k¢,, ) and radius R, , is given by:

(x— htcH)Z +(y - kcH)Z = R,

Where two functions can be obtained:

F(x) = JR§+ —(x—he,,) +ke,

x—h((:1+

\/R%+ - (x - h(CH)Z

flex) =—

f(x) = —\/R§+ —(x—he,) +ke,,



X h(C1+
flx) =
\/Rﬁ (x h<c1+)

59 + 1001 _1-+1001
f’(x(c11+) = 4 8

59 + 1001 ’
V2 l3< Z > B 15] ~ <59 +V1001 1- «/1001)2
) 8

2

118 + 2+/1001 — 1 +v1001
8

f’(x(c11+) = >
[3 <59 + \/1001> _ 15] ,
4 (118 + 231001 — 1 + 1001
2 8
117 + 3v1001
/ 8
f (x(c11+) = >
9 59+\/41001 — 90 59+\/41001 49225 ,
(117 4 3V1001
2 8
117 + 3v1001
f’(xc11+) = 8
3481 + 118\/100 1+ 1001) 5310 + 90v1001
+225
4 13689 + 702y1001 + 9009
2 - 64
117 + 3v1001
f’(xc11+) = 8
4482 + 118\/1001) 5310 + 901001 _ .
4 22698 + 702v1001
2 - 64
117 + 3v1001
f’(xc11+) = - 8
40338 + 1062\/1001 310 + 901001
j Z +225 22698 + 70211001
2 64
117 + 3\/1001
f’(xc11+) =
j40338 +1062v1001 — 21240 — 360\/100 1+ 3600
16 22698 + 702y1001
2 64




f'(x(c11+) =

f'(x(c11+) =

f'(x(c11+) =

f’(x(c11+) =

Xc 1+

Appendix F. Circle equations calculations for the case c¢) Three circles (CCC)

117 + 3v1001
8

22698 + 7021001
\/ 16 22698 +702v1001
2 64

117 + 3v1001
8

J22698 +702v1001 22698 + 702v1001

32 64
117 + 3v1001
8

J45396 + 14041001 — 22698 — 702v/1001

64

F.1. Tangent circle C; calculated in relation to the given circle C4

2 2
( [ R1Xc, cy 'ﬂ ( I[ 'ﬂ
2
{x— P QR P Y =R
X Xc,c, = y XC,c, — =
14—414 14—C1C1
2 2
L 4 x(C1C1 k 4 x(C1C1
2
( Rlx«:lcl
2
4 - x(clcl R
2 1
1% = |Xc,c, T - - +4y— 4—xC1C1+ - -
4- x<C1C12+ X¢,c, 4—x¢,c, 2"‘ X¢,c,
k 4 - xclcl 4‘ - x(C1C1
RGC1C1 _] 2 [ 1 2
)
4 Xt c, - R, ,
1% —|%c,c; t——=| t{V—| |4~ *C,c, t ———|; =Ri
4 ; 4
1_ 2 1_ 2
L 4_x([:1c1_ . | 4—XC161_
_ 2
141
{x—[x(clcl+ > ]} +4y— /4—x(clcl+—2 = R%

64
117+3+/1001
——=——— =1 derivative of the tangent circle C, ,at the tangency point
22698+7021/1001



Rix¢ C
{x—[x(c1c1+ 211 y [/4 xc101 1+— —IR%

F.2. Tangent circle C; calculated in relation to the given circle C,

Ry (Xtclc2 2

2

. [ ]\2
—|xc,c, T - EXCCZ_? +y-— /9—(x<c1c2—7)2—1+ R }—R%
]1+—x“2 7| e

9 — (xc,c, - 7)2J

I
|
R, (x(cl,;2 ( |[ ]l\ 2

| sl |
(xe,e, = 7)
et jq-(xwz 7y +(xwz 7)2| 1
l J

9 (X‘E1C2

\[9 — (x‘Clcz - 7)2 + (XClcz — 7)2
9 — (x¢,c, — 7)2 1l

R
1|9 (e =7 - 14— - &

9

9 — (x¢,c, — 7)2}t 9— (xg,c, = 7)°
\

_ 2
2 Rlylg - (xc1cz - 7)2
y—|J9—(xcc, —7) -1+ 3 =
)
i N2 2
R -7 R
{x— x¢162+1(xc+2)} +{y_[’9—(x(c1c2—7)2(1+?1>—1]} =R?

F.3. Tangent circle C; calculated in relation to the given circle C;

Ri(xc,c, =3) ] ’ 2

2
16 - (x(C1C3 - 3) 2 R4 2
X —|xgc, + > +{y—|— 16_(x<clc3_3) +10— > = R
jl + (¥cyc, —3) _ jl + (¥cyc, —3) _
16 — (x¢,c, — 3) | 16 — (xc,c, — 3)
]Rl(x(t,(,'3 -3) n? 2

2
16 — (X(E,C3 -3) 2 R, 2
x —|xcc, + > +4y—|-J16 = (x¢,c, —3) + 10— = )z =R?
3

\/16 — (xeye, —3)" + (xe,c = 3) j16 — (ve,e, —3)" + (xc,c0 —

16 — (x¢,c, - 3)° 16 — (x¢,c, - 3)°




[ Ry (x¢,c, —3) N i

( 2 |
16 — (x¢,c, — 3)
x —|xc,c, +
16
[ _ 16 — (xc,c, —3)° J
{x _
{x _

[ |
+Jy—!—/16—(x¢1,;3—3)2+10— R116 !
l |

| _ 16
| 16 — (x¢,c, —3)

+W]}Z N {y {er I Scm - 3)2}} .
:xwa + w}}z + {y - [— 116 — (xc,c, - 3)° (1 + %) + 10]}2 = R?

>x<c1c3 4
Appendix G. Solution of the system of equations for the case c) Three circles (CCC)

(the tangent circle Cy)

Rixc,c Rl(xc c —7)

Xeyo, ¥ = Xe, T 1)
Rl(x(c I —7) ]Rl(x([l c —3)

Xc,c, T —; 2— =x¢,c, T —i . 2

l4—x2 (1+2)= J9 — (xee, = 7) (1+2) -1 3)

\/9 — (x¢,c, = 7)° (1 +%) 1= —\/16 — (xe,—3) (1 +2) + 10 (4)

From the equation 1:

e, (147) = ro + =G
R1(xcyc,~7)
Xoy0 = (5)

Squaring the equation 3:

[\/Txélcl(u%)r = l\/g_(x@ﬂ:z —7)2(1+%)—1l2 (6)

(- 2e) (143) =[0G 7] (143) ~2 oG (14 5) 1
(105 e (102 0 (102 7 (14 5) -2 o - (14 ) 1

2

R;\? R;\? R;\? R,
4 (1 + 7) - x¢.c, (1 + 7) =9 (1 + ?) — (x¢ ¢, — 14xc,c, +49) (1 + ?>



R
-2 /9 — (xe,e, = 7)° (1 +?1) +1

e ]R12 X Rlz_ Rlz ) Rlz R12 R]Z
+7 —X(Clcl 1+7 =9 1+? —X(Clcz 1+? +14xclcz 1+? —49 1+?

R
~209 - (x,0, — 7)° (1 +?1) +1

R, 2 , R, 2 , R, 2 R, 2 R, 2
4 (1 + 7) - X(Clcl (1 + 7) = —x(clcz <1 + ?) + 14){@162 <1 + ?) — 40 (1 + ?>

29— (xe,c, - 7)* (1+22) +1 (7

Replacing the equation 5 in the equation 7:

Ri(x‘c1cz - 7) ’

Rl 2 x(Clcz + f Rl 2 2 Rl 2 Rl 2 Rl 2

4 (1 + 7) - R, <1 + 7) = —Xgc, (1 + ?> + 14Xc152 <1 + ?) —40 (1 + ?>
1+ A
R
~29— (xe,c, — 7)° (1 +?1) +1
2
2 r 2 ZXCchRl(xClcz — 7) R%(.X'(Clcz — 7) ] 2 2

Ry | Xc,c, 3 9 | Ry 2 Ry

4-1+7 —I R 2+ R2 + RA2 |1+7 = —X¢,c, 1+?
-1 -1 -1
1(1+3) (1+3) (1+32) |

R;\2 R;\2 R
+14xc,c, 1+?1) —40(1+?1) _92 19_(%162_7)2(”?1)“

2
Rl)z 2 _ ZX‘ClCle('xchz - 7) _ R%(x(cﬂ:z - 7) _ —X2 <1 + &)2
- C1C,

1+3) 3 9 3

+14xc,c, (1 + %)2 ~40 (1 + %)2 ~29— (xg,c, = 7)° (1 + %) +1

4 (1 + %)2 —x¢.c,— Zxél?)CZRl + 14xC§C2Rl - IR%% (x,c, — l4xc,c, +49) = —x¢ ¢, (1 + %)2

+14xc,c, (1 + %)2 —40 (1 + %)2 ~29~ (xe,e, = 7) (1 + %) +1

+14xc,q, (1 + %)2 —40 (1 + %)2 ~29— (xe,e, = 7)° (1 + %) +1

4 (1 + %)2 +40 (1 + %)2 -1- 499R% —x¢.c, (1 + %)2 + @ + %R%xclcz — 14xc,c, (1 + %)2
%2, (1 + %)2 -2 /9 — (xc,c, = 7)° (1 + %)

4 (1 + %)2 +40 (1 + %)2 -1- 499R% + 14XC§CZRI + 149R% Xe,c, — 14xc,c, (1 + % + R;)



R
=—209—(x¢,e, — 7)° (1 + ?1)

R;\? Ry\2 49R? 14xc o R; 14R2 28xc c. Ry  14R?
4(1+—1) +40(1+—1) S Wi il L e | it U 1

9 3 9 Xc,c, — 143(((:1(;2 - 3 - 9 o
2 R1
=-2 /9 — (x¢,c, = 7) (1 + ?>
R;\? R;\? 49R2 14xc,c,Ry 2 R
4(1 +—) +40(1 +—) —1-—— 22— —l4x¢,, = -2 /9 — (x¢,c, = 7) (1 +—
2 3 3 3
R? 2R; R? 49R? R, 2 R,
4(1+R + ) +40(1+ o=+ ) -1 -—5 —14xc162(1+?) =-219— (x¢,c, = 7) (1+?)

80R, N 40R? 49R?
3 9 9

(92]1&1 +43) — ldxg,, (1 + ) = —Zm(l +%) (8)

Squaring the equation 8:

92R1 Rl
[( 3 +43)—14x“2 1+ -2]9 = (x¢,c, — 1+

[(923R1 + 43) — 14x,c, (1 + %)r =4[ (xeser - 7)7] (1 . IR;l)

4+ 4R, + R? + 40 + - 14xc152 1 + — (x¢,c, - 7)° (1 +—t

92R, z 92R, R, R, R;\? 2 R,
( +4-3) _28x(C1C2 (T'F 43) (1 3 )+196xc C, <1+ 3 ) = 36(1+?> —4(36(:1(;2—7) (1+?
92R, z 92R, R, ) R, R;\?
( 3 + 4—3) - 28X(C1C2 (T + 43) (1 + ?) + 19636(:1(:2 (1 + ?) =36 (1 + ?>

R 2
—4(x2 ¢, — 14%c,c, + 49) (1 + ?1)

92R, z 92R, R, 5 R;\2 R;\2
( + 43) — 28x¢,c, (T + 43) (1 + ?) +196x¢ (1 + ?) =36 (1 + —)

2 2 2
1 1

) R, R R
_4'x(C1L'z (1 + ?) + 56.96([:1(;2 (1 + ?) — 196 (1 + ?)

5 R;\2 R;\ [/92R, R, 92R, 2 R,
200xclcz(1+?) —28x(clcz<1+?)[< 3 +43)+ <1+ 3)]+( 3 +43) —36(1+?)

R;\2
+196<1 +?) =0

5 R;\2 R, 2R, 92R, 2 R;\?
2007‘@162 (1 + ?) — 28x¢,c, (1 + ?) 3 + ( 3 + 43) + 160 (1 + ?) =0
R;\2 Rp\ /94R 8464R? 7912R 2R, IRZ
2 1 1 1 1 _
200x(C1€2 (1 + ?) - 28X(C1(;2 (1 + ?) ( ) 9 + 3 + 1849 + 160 (1 + T + ?> =0
5 Ry Ry 94R1 8464R? 7912R, 320R; 160R?
2007‘@162 (1 + ?) — 28x¢,c, (1 + ?) ( ) ) + 3 + 1849 + 160 + 3 + 3 =



+2009=0

) Ry\2 R;\ /94R, 8624R? 8232R,
200x2 ¢, (1+?) — 28x¢,c, (1+?)( 2 ) 5t

) R;\? R;\ /94R; 8624R?
200xZ ¢, (1 + ?) — 28x¢,c, (1 + ?)( T+ 45) + + 2744R; + 2009 = 0

200(1+ %)2 xt ., —28(1+2) (2 4 45) xg (, + (86““‘1 +2744R, +2009) = 0 9)

From the equation 2:

R,\ 7R, R,\ 3R,
veie, (145) 57 = ree (14 ) -5
Ri\ 7R; 3R R,
Xesc, ( ) =ty T X (1 + T)
Rl 28R1 - 9R1 [Rl
Xeic, (1 + ?) T 12 MuG (1 + T)
R, 191{2{1 R,
x(C1C2 (1 + ?) x(C1C3 (1 + T)
R1 19R1
xcyc,(14°2)-——2
x((:lc3 — 1 2((1+£% 12 (10)
4

From the equation 4:

\/9 — (x¢,e, = 7)° (1 + %) —11= —\/16 — (x¢,c, —3)° (1+2) (11)

Squaring the equation 11.:

I\/9 — (x¢,c, = 7)° (1 + %) - 11]2 = [—\/16 — (xee, —3) (1 + %)r (12)
|9 - (xeye, = 7)] (1 + %)2 - 22\/9 — (x¢,c, - 7)" ( ) +121
= [16 - (x¢,c, - 3)°] (1 + %)2

R;\? 2 R;\? R,
9(1+?) — (x¢,c, — 7) (1+?) — 22 9—(x(clcz—7) (1+ 3)+121

2 2

Rl 2 IR]_
=16 (1 +T) — (x¢,c, —3) (1 +T)

9 (1 + Rl)z
3

2 Ry’ 2 R,
— (x2,¢, — 14xg,c, +49) (1 + ?> ~22.]9 - (x¢,c, — 7) (1 + ?)



2 2

R R
+121 =16 (1 + Tl) — (x2 ¢, — 6x¢yc, +9) (1 + Tl)

Ry\? Rq\? Ry\? Ry\? R
9(1 +?1) —x¢.c, (1 +?1) + 14xc,c, (1 +?1) —49(1 +?1> —22 /9—(x(clcz—7)2(1 +?1>

2 2 2 2

121—161]R1 2 1]Rl 6 1]Rl 91R1
+ = +T _x(C1C3 +T + x(C1C3 +T - +T

Ry\* Ry\* Ry\* 2(, R
—40 (1 + ?) — xé,c, (1 + ?) + 14x¢,c, <1 + ?> -22]9 - (x¢,c, = 7) (1 + ?)

R1\? R1\? R1\?
+121 =7 (1+2) —xdc, (1432) +6xc,c, (1+2) (13)
Replacing the equation 10 in the equation 13:

R;\° R\ R\’ R
~40 (1 + ?1) ~ %2, (1 + ?1) + 14xg,c, (1 + f) ~ 229 - (xg,c, - 7)° (1 + ?1)

]Rl) 19R,1? )

R\*  |Xcc \1+ -1 R
+121=7<1+Tl>_ i S, 1z (HTl)
(1+7)
xcc(l ) 19]]R1 )
1%2
+6 (1+4)

(5
_4o< —)2 —x2, (1 —1) + 14xg,c, (1 + %)2 ~ 229 - (xg,c, - 7)° (1 + %)

2 2
+121 = 7(1 4 %)2 e (1 +R%21) Xee (1+ %)2196]Ril N 3?41&1 2 <1 +%>2
(2 ) )

6 (1 + Rl) (1 + Rl) DR, (1 + RI)
+oxe,c, 3 4 2 4
R;\? R;\? R;\? R
~40 (1 + ?1) ~ %2, (1 + ?1) + 14xg,c, (1 + ?) ~ 229 - (xg,c, - 7)° (1 + ?1)

Rl 2 R;\ 19R, 361R?
+121_7( ) xWZ( 3) +x€1c2(1+?) 6 144

R,\ 19R, R,
roxe (1+3) (1+7) 52 (1+7)

oo+ B {1 B 1 ) (14

R,\ 19R R, R, ; R,
—xc.c, (1 + f) , - — 6x¢,c, (1 + ?) (1 + T) = 22J9 —(x¢,6, = 7) (1 + ?>




3 2 144 2 8

R, R,\ 19R, R, R,
Xc,c, (1+?)[14<1 +?>— c —6(1+T)] =22 ]9 — (x¢,c, —7) <1+ 3)

80R, 40R? 7R, 7R? 361R? 19R, 19R?
7 S + +
3 9 2 16 @ 144 2 8

14R, 19R, 3R, R,
x(clcz(1+ )[14 3~ 6| =22 9~ (x¢,c, = 7)° (1+3)

361 19 40 7 19 80 7
35 Rem (-3

124789 167" 2 3 2

e (143 m (3 -5 - 200~ G- (14+3)

, (361 + 342 — 640 — 63 57 —-160 — 21
R ( )+ Ry )+ 74

2R,  Ri R, R?\ 361R} 19R, 19R?
121-40( 1+ =+ ) =7 (14— + o)+ + +

144 6
Xe,c, ( ) [8 (28 — - 9)] = 22J9 — (xg,e, - 7)" (1 + %)
(74— 22) +8xg,, (1432) = 22\/9 — (xe, = 7) (1 +2) (14)

Squaring the equation 14:

Ry
[( ) + 8x(C1C2 1 o [22J9 (xc.c, — 7)° ( )l
62R,\? R, ) X R;\?
(74 - ) + 16xc,c, (1 + ?) ( ) + 64x¢ (1 + ?>

= 484[9 - (x¢,c, - 7)] (1 + ]Ri)

3
62R;\> R, R, , R,
(74-252) + 1620, (1432 ( )+ 64z, (1+5)

= 4356 (1 + ?) — 484 (x¢c,c, —7) (1 + ?>

2 2

62R, R, R, , R,
(74-252) + 1620, (143 )+ 64z, (1+3)

2 2
1

R ” Ry
= 4356 (1 + ?) — 484(x¢ ¢, — 14x¢,c, +49) (1 + ?>

2

2




62R,\> R, 62R, , R;\?
(74=252) +16x0,c, (1432 (74 - 52) + 60, (142

R, 2 , R, 2 R, 2 R, 2
= 4356 (1 + ?> - 4‘84'36((:162 (1 + ?) + 6776X«:1C2 (1 + ?> — 23716 (1 + ?>
X R;\? R, 62RR, R,
548x(C1C2 <1 + ?) + 8x(ClC2 (1 + ?) [2 (74 - 3 ) — 847 (1 + ?>]

62R;\> R;\?
+(74— 2 ) +19360(1+?) =0

X R;\? 124R, 847R,
548x¢,c, (1 + ?> + 8x¢,c, (1 + ) [148 - — 847 — ]
9176R,; 3844R? 2R, R?
+5476 — + +19360(1+—+—|=0
3 9 3 9
, Ry\2 971R,
548xZ (1 + ?) + 8x¢,c, (1 + ) [ 699 — — ]
9176R,; 3844R? 38720R; 19360R?
+5476 — + + 19360 + + =0
3 9 3 9
, Ry\2 971R,
548x¢ ¢, (1 + ?) — 8x¢,c, (1 + ) [699 ]

23204R%? 29544R,

24836 = 0
g T3 *
Ri\* R, 971R,
548 <1 + ?) X2, —8 (1 = ) [699 ]x(clcz
+ (232°4R1 +9848R, + 24836) = 0 (15)

Solving the equation 9:

200 (1+5) x2 ., —28(1+5) (22 4 45) xg ¢, + (L2 1 2744R, +2009) = 0

28(1+ %) (943R1 +45) + \/784 (1+ %)2 (@ + 45)2 ~800(1+ ?) (86294R1 +2744R, + 2009)

400 (1 + %)Z

28(1+ %) (943R1 +45)+ (1+ %) \]784 (943R1 + 45)2 —800 (86294]}&% + 2744R, + 2009)

Xc,c, =

xXcic, =

400 (1 + %)2



2 2
28(284 4 45) + \/784 (788396[Rl +2820R, + 2025) — 800 (% + 2744R, + 2009)

9
Xc,c, =
v 200 (1+ %)
2 2
28 (943{1@1 + 45) + \/% +2210880R, + 1587600 — % — 2195200R, — 1607200
Xc,c, =
v 200 (1+ %)
28(94f1+45)J_r\/3136R§+15680R1—19600
X = 16
C.C 400(1+&) (16)
3
There are two solutions from equation 16:
28(9451+45)+\/3136R§+15680R1—19600 an
XciC+ — R 17
102 =1
200(1+-L)
28(@%5)—\/3136R§+15680R1—19600
Xc. oo = 18
GG 200(1+°2) (18)

Replacing the equation 17 in the equation 15:

2
228 (943R1 +45) +/3136R? + 15680R; — 19600
548 (1 + —) =
3 400 (1 + =)

971R,7|28 (@ +45) + |/3136R? + 15680R, — 19600

3 400 (1+%1)

Ry
-8 (1 + ?) [699 +

(232041Rz§

9 + 9848R; + 24836) =0

137 94R, 2 94R, 5 )
70000 784( T+ 45) + 56( T+ 45) J3136R1 +15680R; — 19600 + 3136R? + 15680R; — 19600

1 971R 94R
—%[699 +3 1] [28( 3 Ly 45) + J3136R§ + 15680R,; — 19600

23204R?
T + 9848R; + 24836 | =0
137 BB36R} | B460R: | 125 ) + 56 (22R1 1 45) [3136R? + 15680, — 19600 + 3136R% + 15680R, — 19600
40000 9 T3 ° + (3 * )\[ it 1 * it 1
14 971R,\ [94R, 1 971R1J 5
—E(699+ 3 )( 3 +45>—%<699+ 3 ) 3136R7 + 15680R; — 19600
23204R?
—— 4+ 9848R; + 24836 | =0



137 [6927424R3 94R,
200009 T 2210880R, + 1587600 + 56( 3+ 45) J3136R§ + 15680R; — 19600 + 3136R? + 15680R,; — 19600
14 91274R? 1 971R,
~3% 21902R; + 31455 + 5 + 14565R, | — %<699 + 3 )\/3136]1%{ + 15680R; — 19600

23204R?
——5— +9848R, + 24836 | = 0
137 [6955648R? s . L 1o
20000 f+ 2226560R; + 1568000 + 6(T +4 )J3136R1 + 15680R; — 19600
14 (91274R? 1 971R, 3

—o2| g +36467R, + 31455 | - %(699 + ) 3136R2 + 15680R, — 19600
23204R?
——5— +9848R, + 24836 | = 0

14889434R? 953246R; 26852 959 (94R1

45)J3136R2 15680R, — 19600
5625 125 1 5 Tsooo\ 3 T it 1

1277836R? 510538R, 88074 1 971R,
- - - (69 )\/3136R§+15680R1—19600

225 25 5 50

23204R?

———— +9848R, + 24836 | =0
14889434 — 31945900 + 14502500 R4 953246 — 2552690 + 1231000 R4 26852 — 88074 + 124180

5625 1 125 1 5
959 (94R, 1 971R,
2 p— — —_— —
+\/3136]R1 + 15680R,; — 19600 [5000( 3 + 45) 50 (699 + 3 )] =0
2553966 R? 368444]R N 62958 \/3136R2  15680R. — 19600 [4507311111 N 8631 699 971R1]
5625 ° 125 ! 5 1 1 7500 1000 50 150

2553966 , 368444 62958

R R, + = —/3136R? + 15680R, — 19600 [45073 — 48550 b, 4 3631~ 13980]
5625 ° 125 ! 5 1 1 7500 1 1000
_ 2553966 2 368444 _ 62958 _ 2 — _ﬂ _ 53£
( U R? + R, -2 ) = —/3136R% + 15680R, 19600( 2R, 1000)
_ 2553966 o 368444 _ 62958 _ 2 — ﬂ w
( SDO RS 4 MR, — 2 ) = /3136R? + 15680R, — 19600 (7500 R, + 1000) (19)

Squaring the equation 19:

R? R
5625 Mt R 5

[ (2553966 368444 62958

3477 5349> 2
7500 1000

2
)] = [\/313611@% + 15680R, — 19600 (— R, +

(2553966)2 2553966(368444) 2553966(62958) 368444(2553966) (368444)2
4 + 3 _ 2 + 3 + 2
(5625)2 ! 5625(125) 1 5625(5) 1 125(5625) 1 (125)2 1

368444(62958) 62958(2553966) , 62958(368444) +(62958)2_
125(5) 1 5(5625) ! 5(125) 1 (52

3477)? 3477(5349 5349)2
(3136R? + 15680R; — 19600) <( )" 2 (5349) (5349) )

(7500)2 ' 7 7500(500) ' (1000)2



(2553966)? ,  2553966(368444) . 2553966(62958) , 368444(2553966) . (368444)%
(5625)2 ! 5625(125) 1 5625(5) 1 125(5625) 1 (125)2 1
368444(62958) 62958(2553966) , 62958(368444) +(62958)2_

125(5) ! 5(5625) 1 5(125) . (52

3136(3477)* , 3136(3477)(5349) . 3136(5349)* , 15680(3477)% .

(7500)2 1 7500(500) 1 (1000)2 1 (7500)2 1
15680(3477)(5349) 2+15680(5349)2 19600(3477)% . 19600(3477)(5349)
7500(500) 1 (1000)2 1 (7500)2 1 7500(500) 1
19600(5349)2
(1000)2

(2553966)?  3136(3477)%] _,
(5625)2 (7500)2 1

[2553966(368444) 368444(2553966) 3136(3477)(5349) 15680(3477)2 3
5625(125) 125(5625) 7500(500) (7500)2 :

(368444)2 _ 2553966(62958)  62958(2553966) 3136(5349)2 _ 15680(3477)(5349) 4 19600(3477)%| ,
(125)2 5625(5) 5(5625) (1000)2 7500(500) (7500)2 !

[19600(3477)(5349) 368444(62958) 62958(368444) 15680(5349)2 R
7500(500) 125(5) 5(125) (1000)? 1

(62958)?2 N 19600(5349)%
(5)2 (1000)2

25684608 R + 1661050176 R 363669692 R
125 1 625 1 125 1

46612635342 R + 397772954649 _
625 1 2500 -

R,, ~ —9,48891

Ry, ~ —9,37282
Rys ~ 2,68562
Ry, ~ 3,24191

There are four solutions for R;. Ry;, R;, are discarded. R;, is also discarded, a tangent
circle to the three given circles is not obtained with this solution. R 5 is taken as the solution
for R,,:

R4 ~ 2,68562 (20)
Replacing the equation 20 in the equation 17:

28 (w + 45) +/3136(2,68562)2 + 15680 * 2,68562 — 19600
XCy 00+ =
o 400 (1 + —2'683562)



Xc,c,+ = 505040 (21)

Replacing the equations 20 and 21 in the equation 10:

5,05040 (1 + 2,683562) 19 21,28562
et = 2.68562
(1 + —)
)
x(C1C3+ = 3,18254 (22)

Replacing the equations 20 and 21 in the equation 5:
5,0504042:58562(5.05040-7)

x([31C1+ = 1+2,68562
2

Xe,co4 & 1,41074 (23)

The equations 137, 142 and 147 (main text) have the format (x — h¢,)”* + (y — k¢,)” = R2.
h¢,and k¢, can be calculated from any of these equations. Taking the equation 137:

_ Ri+Xcic0+
he,+ = Xgyope +— (24)

R
ke = (42 (1452) (25)

Replacing the equations 20 and 23 in the equation 24:

2,68562 * 1,41074
2

he,+ ~ 3,30510 (26)

he,+ ~ 1,41074 +

Replacing the equations 20 and 23 in the equation 25:

2,68562
ke v & /4 — (1,41074)2 (1 + T)

ke, ~ 3,32134 (27)

Replacing the equation 18 in the equation 15:

2

R\?[28 (94Rl +45) — /3136R? + 15680R, — 19600
548 (1+)

3
400 (1 + %)

R, 971R,
-8 (1 + ?) [699 +

28 (94R1 +45) — /3136R? + 15680R, — 19600‘
3

3
400 (1 + %)




23204R?
11 9848R, +24836) =0

137 94R, z 94R,
70000 784( 3+ 45) - 56( >+ 45) \/31361111% + 15680R,; — 19600 + 3136R? + 15680R; — 19600

1 971R, 94R, ;
—25(699 +—5—[28(—5— + 45 ) — [3136R} + 15680R, — 19600
23204R2
11 9848R, + 24836 ) =0
137 8836R? 8460R, o) oo (4R, e 1o p
20000 ) + 3 + 2025 ) — 6( 3 +4 )J3136]R1 + 15680R; — 19600 + 3136R7 + 15680R; — 19600

14 971R,\ [94R, 1 971R1J 5

—ﬁ(699+ 3 )( . +45>+%<699+ 3 ) 3136R? + 15680R; — 19600
23204R?

+ =1+ 9848R, + 24836 | = 0

137 [6927424R?

94R
20000 ) + 2210880R; + 1587600 — 56 (Tl + 45) J3136Rf + 15680R; — 19600 + 3136R? + 15680R,; — 19600

14 91274R? 1 971R,
T 21902R; + 31455 + 5 + 14565R, | + %(699 + 3 )\/313611%% + 15680R; — 19600

23204R?

+|———+ 9848R; + 24836 | =0

137 [6955648R? 94R, 2
70000 |9 T 2226560R, + 1568000 — 56 (T + 45) J3136]R§1 + 15680R; — 19600]
14 (91274R? 1 971R,

T + 36467R; + 31455 | + %(699 + )\/3136]1%% + 15680R; — 19600
23204R?
—g + 9848R; + 24836 | =0

14889434R? 953246R; 26852 959 (94R1

- 45) [3136R? + 15680R; — 1
5625 ' 125 5 5000 + 5>J3 36R? + 15680R, — 19600

3
1277836R? 510538R, 88074 . 1 (699 . 97111&1) J3136R2 15600k, — 19600
225 25 5 50 1 1
23204R?
14 9848R, + 24836 ) =0
14889434 — 31945900 + 14502500 953246 — 2552690 + 1231000 26852 — 88074 + 124180
5625 RY + 125 Ry + 5

. 1 971R,\ 959 (94R,
+J3136R1 + 15680R, — 19600 [%<699 + ) (

3 ) 5000\ 3 +45)]=0

2553966 368444 62958

2 = —\/3136]1%% + 15680R; — 19600[

R R+ 699 971R, 45073R; 8631
5625 ¢ 125 ¢ 5

50 T 150 7500 1000




2553966 , 368444 62958

R R, + = —/3136R? + 15680R, — 19600 [48550 45078 L 13980 8631]
5625 ! 125 1 5 ! ! 7500 ! 1000
(2553966 o | 368444 . 62958\ _ > — 3477 5349
(B2 gy 4 XM R, - 82859 = _ [3136R? + 15680R, — 19600 (2R, + 22 (28)

Squaring the equation 28:

2
5625 Mt BT

[ (2553966 368444 62958 3477 5349)]2

2

— = 2 — S ——
)] —[ \/3136[R1+15680]R1 19600(7500R1+1000
(2553966)2 ., 2553966(368444) , 2553966(62958) , 368444(2553966) ., (368444)? 2

(5625)2 ! 5625(125) 1 5625(5) 1 125(5625) 1 (125)2 1

368444(62958) 62958(2553966) , 62958(368444) +(62958)2_
125(5) 1 5(5625) 1 5(125) 1 52

3477)? 3477(5349 5349)2
(3136R? + 15680R, — 19600) <( ) g2 ( ) ( ) )

(7500)2 1 + 7500(500) 1t (1000)2

(2553966)2 4+2553966(368444) ,  2553966(62958) 2+368444(2553966) 3+(368444)2 5
(5625)2 ! 5625(125) 1 5625(5) 1 125(5625) 1 (125)2 1
368444(62958) 62958(2553966) , 62958(368444) (62958)%

125(5) 1 5(5625) 1 5(125) 1 (52

3136(3477)2 4+3136(3477)(5349) 3+3136(5349)2 2+15680(3477)2 .

(7500)2 1 7500(500) 1 (1000)2 1 (7500)2 1
15680(3477)(5349) ,  15680(5349)2 19600(3477)2  19600(3477)(5349)
7500(500) 1 (1000)2 1 (7500)2 1 7500(500) 1
19600(5349)2
(1000)2
(2553966)?  3136(3477)?] _,
(5625)2 (7500)2 1

+'2553966(368444) 368444(2553966) 3136(3477)(5349) 15680(3477)%| .
| 5625(125) 125(5625) 7500(500) (7500)2 1

N (368444)2  2553966(62958) 62958(2553966) 3136(5349)> 15680(3477)(5349) . 19600(3477)?2 R’

(125)2 5625(5) 5(5625) (1000)2 7500(500) (7500)2 1

+'19600(3477)(5349) 368444(62958) 62958(368444) 15680(5349)2 R

| 7500(500) 125(5) 5(125) (1000)2 1

(62958)?  19600(5349)? _

(5)2 (1000)2
25684608 Ré + 1661050176 R 363669692 R
125 1 625 1 125 1

46612635342 R, + 397772954649 _
625 1 2500 -

Ry, ~ —9,48891

Ry, ~ —9,37282



Rys ~ 2,68562
Ry, ~ 3,24191

There are four solutions for R;. R;4, R;, are discarded. R, is also discarded, a tangent
circle to the three given circles is not obtained with this solution. R, 5 is taken as the solution

for R, _:
R;_ =~ 2,68562

(29)

Replacing the equations 17 or 18 in the equation 15 originates the same polynomial with a
degree of four. Therefore, the solutions are the same. Taking R;, or R,_ as the solution for

R;.

R; = 2,68562
Similarly:

Xc,c, = 505040
Xc,cy = 3,18254
Xc,c, = 1,41074
he¢, =~ 3,30510

ke, ~ 3,32134

Appendix H. Derivatives at the tangency points for the tangent circle C4

fx) =y =+V4—x2 (upper semicircle C;)

X
ff)=y"= By
fx) =y =+J9—(x—7)2—1 (upper semicircle C,)
, , x—=7
ffx)y=y'=- e
fx)=y=—/16—(x—3)2+10 (lower semicircle C5)
, , x—3
ffx)=y :\/16—(x—3)2

Xc,c, = 1,41074
Xc,c, = 505040

Xc,c, = 3,18254

(30)



R, ~ 2,68562
he, =~ 3,30510

ke, ~ 3,32134

1,41074

, ~
f(xe,e,) » —F=—=
/4—(1,41074)
, ___ 505040-7
fxec) = J9—(5,05040—7)2
3182543

! ~
F(xeie) ® G

~ —0,99511  (upper semicircle C,)

~ 0,85503  (upper semicircle C,)

~ 0,04568 (lower semicircle C5)

The equation of a circle with center (hc,, k¢, ) and radius R, is given by:

(x - h(C1)2 + (y - k(C1)2 = ]R%

Where two functions can be obtained:

flx) = \/]R{f —(x —h(cl)z + ke,

x—h(cl

R = (e,

flx)=-

FO0 = — (R = (x — he,)* + ke,

x—h(cl

R = (e,

f'x) =

f'(x ) - 1,41074-3,30510
€€ /(2,68562)2—(1,41074—3,30510)2
C, at the tangency point xc, ¢,

Q

—0,99511

5,05040—3,30510
f'(xcc,) ~ 0,85503
1~2 V(2,68562)2—(5,05040—3,30510)2

C, at the tangency point x¢,c,
3,18254-3,30510

f (x(clc3) ~ _\/(2,68562)2—(3,18254—3,30510)2
C, at the tangency point xc, c,

~ 0,04568

derivative of the tangent circle

derivative of the tangent circle

derivative of the tangent circle
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