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$TXt� HO� REMHWLYR� HV� GREOH�� �L�� GHWHFWDU� OD� SUHVHQFLD� JOREDO� GH� OD� &RQWDPLQDFLyQ� \� �LL�� LGHQWLILFDU� ODV� REVHUYDFLRQHV� TXH� SXHGDQ� HVWDU�
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��7KH� SRLQW� RI� WKLV� SDSHU� LV� WR� SUHVHQW� D�
FRQWDPLQDWLRQ� GHWHFWLRQ� PHWKRG� EDVHG� RQ� WKH� WZR�
SRLQW�PL[WXUH�PRGHO�� � � � � �� �S [ SI [ SI [I ˬ � ��ZKHUH� �S S ʝ ��

DQG� � �S˯ ˯ �����
DQG�WR�LQYHVWLJDWH�WKH�DV\PSWRWLF�GLVWULEXWLRQ�RI�WKH�
PD[LPXP� OLNHOLKRRG� HVWLPDWRU� �0/(�� DQG� WKH�
ORFDOO\�PRVW�SRZHUIXO��/03��WHVW�IRU�WKH�SDUDPHWHU�
S�� 7KH� GLVWULEXWLRQ�� SI �� LV� WKH� VR� FDOOHG�
FRQWDPLQDWHG� GLVWULEXWLRQ� PRGHO� ZKLFK� LV�
VRPHWLPHV�XVHG�WR�PRGHO�RXWOLHUV�IURP�WKH�EDVHOLQH�
PRGHO� �I �� ,Q� WKLV� VLPSOH� VHWWLQJ�ZH�VKDOO� VHH� WKDW��
ZKHQ� �S  �� WKH� 0/(� DQG� WKH� /03� WHVW� KDYH�
DV\PSWRWLF�GLVWULEXWLRQV�WKDW�DUH�QRQ�VWDQGDUG��7KH\�
H[KLELW� WKH� &KHUQRII� SKHQRPHQD� �&KHUQRII�� ������
RI� EHLQJ� WZR� SRLQW� PL[WXUHV�� 7KHVH� WZR� SRLQWV�
PL[WXUHV�HDFK�KDYH�SRLQW�PDVVHV�DW�]HUR�ZKHUH� WKH�
VHFRQG� FRPSRQHQW� LQ� WKH� PL[WXUH� LV� EDVHG� RQ� DQ����Į�VWDEOH� ODZ� GHSHQGLQJ� RQ� WKH� WDLO� EHKDYLRU� RI� WKH�
OLNHOLKRRG�UDWLR� �� �;I � � �;I �XQGHU� �I ��
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��/\QFK�-DPHV��3K�'��1RUWK�&DUROLQD�6WDWH�8QLYHUVLW\�

,Q� ORZ� FRQWDPLQDWHG� VLWXDWLRQV� � ��S ˓ �� WKHVH�
DV\PSWRWLFV�VXJJHVW�XVLQJ�WKH�/03�WHVW�WR�GHWHFW�WKH�
SUHVHQFH� RI� FRQWDPLQDWLRQ�� ,I� WKH� /03� WHVW� UHMHFWV�
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&RQILGHQFH� ERXQGV� IRU� WKLV� SRVWHULRU� FDQ� DOVR� EH�
FRQVWUXFWHG�XVLQJ�FRQILGHQFH�LQWHUYDOV�IRU� Sʢ ��7KH�
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LGHQWLI\�REVHUYDWLRQV�IURP �I ��
7KH� DV\PSWRWLFV� LQGLFDWH� WKDW� WKH� GHWHUPLQDWLRQ� RI�
FRQWDPLQDWLRQ�ZKHQ�S� LV� VPDOO� FDQ� EH� SUREOHPDWLF�
XVLQJ� FODVVLFDO� IUHTXHQWLVW� DSSURDFKHV�� HVSHFLDOO\� LI�
SDUDPHWHUV� QHHG� WR� EH� HVWLPDWHG�� ,Q� DGGLWLRQ�� WKLV�
KDV� VLPLODU� LPSOLFDWLRQV� IRU� PXOWLSOH� WHVWLQJ�
SUREOHPV�� (�J��� LQ� WKH� DQDO\VLV� RI� PLFURDUUD\V�� D�
PL[WXUH�PRGHO� �I LV� WKH�PRGHO� IRU� WKH� H[SUHVVLRQ�
OHYHOV� RI� WKH� QRQH[SUHVVHG� JHQHV� DQG� �I IRU� WKH�
GLIIHUHQWLDOO\� H[SUHVVHG� JHQHV�� ,Q� SDUWLFXODU�� WKHUH�
FDQ� EH� D� MXVWLILFDWLRQ� IRU� WKH� XVH� RI� D� FHQWUDO� W
GLVWULEXWLRQ� ZKHUH� WKH� GHJUHHV� RI� IUHHGRP� LV�
GHWHUPLQHG� E\� WKH� DPRXQW� RI� UHSOLFDWLRQ� LQ� WKH�
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H[SHULPHQW� RU� D� FHQWUDO� QRUPDO� LI� WKH� GHJUHHV� RI�
IUHHGRP�LV�ODUJH��$�VLPLODU�MXVWLILFDWLRQ�FDQ�EH�XVHG�
WR�XVH�QRQFHQWUDO�W
V�RU�QRQFHQWUDO�QRUPDOV�WR�PRGHO�
WKH� GLIIHUHQWLDOO\� H[SUHVVHG� JHQHV�� +HUH� S� LV� WKH�
SURSRUWLRQ�RI�GLIIHUHQWLDOO\�H[SUHVVHG�JHQHV��
1H[W� VHFWLRQ� VKRZV� WKH� GDWD� DQDO\WLF� PRGHO� IRU�
GHWHFWLQJ�FRQWDPLQDWLRQ��ZKLOH�6HFWLRQ���LQWURGXFHV
WKH� /03� WHVW� IRU� S�� 6HFWLRQ� �� FRQVLGHUV� WKH�
DV\PSWRWLF� GLVWULEXWLRQ� RI� WKH� 0/(� IRU� S� DQG� WKH�
WHVW� VWDWLVWLF� IRU� WKH� /03�� DORQJ� ZLWK� WKH� WDLO�
EHKDYLRUV�RI� WKH� WHUPV� LQ� WKH�/03� WHVW�VWDWLVWLF� IRU�
WKH�QRUPDO�DQG�H[SRQHQWLDO�GLVWULEXWLRQV��
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��,Q� PDQ\� GDWD� DQDO\WLF� SUREOHPV� WKH� REVHUYDWLRQV�

������ Q; ; � DULVH� IURP� SRROLQJ� GDWD� IURP� YDULRXV�
VRXUFHV� RI� YDULDWLRQ�� ,Q� PDQ\� FDVHV�� WKH� SRROLQJ�
PRGHO� KDV� WKH� IROORZLQJ� IRUPXODWLRQ� IRU� WZR�
VRXUFHV� RI� YDULDWLRQ�� ,Q� WKLV� IRUPXODWLRQ�� D�
FRQILJXUDWLRQ� &� ZKLFK� LV� D� VXEVHW� RI�^ `�� ������ Q LQGLFDWHV�ZKLFK�REVHUYDWLRQV�FRPH�IURP�
RQH� VRXUFH� DQG� F& � IURP� WKH� RWKHU�� )RU� H[DPSOH��
VXFK� D� SRROLQJ� PRGHO� PLJKW� RFFXU� LQ� D� ELQDU\�
QHWZRUN�ZKHUH�WKH�QHWZRUN�LV�PRGHOHG�E\�D�0DUNRY�
UDQGRP�ILHOG��,Q�WKH�VSUHDG�RI�DQ�LQIHFWLRXV�GLVHDVH�
RYHU�WKH�QHWZRUN��WKH�QRGHV�DUH�SDUWLWLRQHG�LQWR�WZR�
JURXSV��&� DQG� F& �� ZKHUH� F& LV� WKH� &ROOHFWLRQ� RI�
VLWHV�WKDW�KDYH�HOHYDWHG�OHYHOV�RI�LQIHFWLRQV�DQG�&�LV�
WKH� &ROOHFWLRQ� RI� VLWHV� ZKLFK� DUH� QRUPDO�� ,Q� WKH�
QRUPDO�FDVH�WKH�QXPEHU�RI�LQIHFWLRQV�LV�JRYHUQHG�E\
�I ZKLOH�IRU�WKH�HOHYDWHG�OHYHO�E\� �I ��7KHQ��� �� �� �� �^ ` � � � �
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ZKHUH� � �� �� F( & & � LV� UHODWHG� WR� WKH� HQHUJ\� RI� WKH�
SDUWLWLRQ� � �� F& & � � �+XDQJ�� ������ DQG� ZKHUH� ZH�
KDYH�VXSSUHVVHG�SDUDPHWHUV�LQ� � �� �� F( & & �DQG�WKH�
QRUPDOL]LQJ�FRQVWDQW�.��+HUH�ZH�KDYH�DVVXPHG�WKH�
SRVLWLYLW\�FRQGLWLRQ� WKDW�DOO�SDUWLWLRQV�KDYH�SRVLWLYH�
SUREDELOLWLHV���,Q�JHQHUDO��WKH�SRROLQJ�PRGHO�LV�JLYHQ�
DV�IROORZV��� *HQHUDWH� D� FRQILJXUDWLRQ� &� ZLWK� SUREDELOLW\�
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� *LYHQ� &�� IRU� � LL & ;ʓ DUH� �LLG I� � DQG�� IRU�

�F L&L ;ʓ DUH� �LLG I�
�� &� DQG� F& PRGHO� D� VSDWLDO� RU� WHPSRUDO�������
�H�J���D�FKDQJH�SRLQW��SDWWHUQ�

��<RX�DUH� �SRROLQJ��REVHUYDWLRQV�EDVHG�RQ� WKH�
FRQILJXUDWLRQ�&�ZKHUH�WKH�FRQILJXUDWLRQ�&� LV� D�
KLGGHQ�YDULDEOH�
��7KH�OLNHOLKRRG�LV�WKHQ�� � � � � �� �
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7KURXJKRXW� ZH� DVVXPH� WKDW� DOO� GHQVLWLHV� I� DUH�
DEVROXWHO\� FRQWLQXRXV� ZLWK� UHVSHFW� WR� D� FRPPRQ�
PHDVXUH�P� DQG� DEVROXWHO\� FRQWLQXRXV�ZLWK� UHVSHFW�
WR�RQH�DQRWKHU��7KH�EDVLF�GDWD�DQDO\WLF�PHWKRG�LV�DV�
IROORZV�� (QYLVLRQ� WKDW� WKH� GDWD� DUH� WKH� HIIHFWV� RI� SRROLQJ�
REVHUYDWLRQV� IURP� �I DQG� �I � ZKHUH� �I � LV� WKH�
EDFNJURXQG�GLVWULEXWLRQ�DQG� �I �LV�WKH�GLVWULEXWLRQ�
RI�WKH�FRQWDPLQDWHG�REVHUYDWLRQV���� 7UHDW�WKH�GDWD�DV�LI�LW�LV�IURP�D�PL[WXUH�PRGHO�DQG
XVH� D� PL[WXUH� PRGHO� WR� HVWLPDWH� WKH� PL[LQJ�
SURSRUWLRQV� IRU� �I � DQG� �I �� WKDW� LV�� WKH�
SURSRUWLRQV� LQ�&� DQG� F& �� 8VH� WKH� HVWLPDWHV� WR�
WHVW� WKH� QXOO� K\SRWKHVLV� WKDW� RQH� RI� WKH� PL[LQJ�
SURSRUWLRQV� LV�HTXDO� WR�]HUR�� ,I� WKLV�K\SRWKHVLV� LV
UHMHFWHG��VHH�LI� WKH�ILWWHG�PL[WXUH�PRGHO�FDQ�JLYH�
LQVLJKWV� LQWR�ZKLFK� REVHUYDWLRQV� FDPH� IURP� �I ��
WKDW�LV��LQWR�WKH�FRQILJXUDWLRQ�&��

)RUPDOO\�� WKH� EDVLF� GDWD� DQDO\WLF� PRGHO� LV� WKH�
VLPSOH�FRQWDPLQDWHG�PRGHO�
� ������ Q; ; � � � �LLG �SI S I SI ʝ ��
��� �I �LV�WKH�GHQVLW\�RI�WKH�EDFNJURXQG�PRGH�
�� �I PRGHOV�WKH�FRQWDPLQDWLRQ��
���7KH�OLNHOLKRRG�LV�WKHQ��
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ZKHUH� M& GHQRWHV� D� VXEVHW� RI� VL]H� M� IURP��^ `������Q �

)RU� ORZ� FRQWDPLQDWHG� PRGHOV� RQH� DSSURDFK� LV� WR�
FDOFXODWH� WKH� POH�� Sʢ �� RI� S�� 8VH� Sʢ WR� WHVW�

� � �+ S  YHUVXV� � � �+ S ! ��,I� �+ LV�UHMHFWHG�VHH�
LI� WKH� PL[WXUH� PRGHO� FDQ� JLYH� LQVLJKWV� LQWR� WKH�
FRQILJXUDWLRQ� M& �� )RU� H[DPSOH�� FDOFXODWH� WKH�
HPSLULFDO� %D\HV� SRVWHULRU� ZLWK� SULRU�� � � �� M Q MMS & S Sʢ ʢ ʝ ʝ ��7KHQ�
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$QRWKHU� DSSURDFK� LV� WKH� IROORZLQJ� WZR� VWDJH�
PXOWLSOH� WHVWLQJ� W\SH� RI� PHWKRG� IRU� �S ˓ �� 7KLV�
VXJJHVWV�XVLQJ�WKH�ORFDOO\�PRVW�SRZHUIXO��/03��WHVW
VWDWLVWLF� �GLVFXVVHG� LQ� WKH� QH[W� VHFWLRQ�� IRU� WHVWLQJ�

� � �+ S  �YHUVXV� � � �+ S ! DV�D�VFUHHQLQJ�WHVW�WR�
GHWHFW� LI� FRQWDPLQDWLRQ� LV� SUHVHQW�� ,I� WKH� QXOO�
K\SRWKHVLV� LV� UHMHFWHG�� WKHQ� IXUWKHU�GLDJQRVWLF� WRROV�
DUH� XVHG� WR� WU\� WR� LGHQWLI\� ZKLFK� REVHUYDWLRQV� DUH�
FRQWDPLQDWHG��
2QH�ZDV� JLYHQ� LQ� ������ DQG� VRPH� RWKHUV� DUH� JLYHQ�
EHORZ��
)RU� D� PL[HG� GLVWULEXWLRQ�� � � � � �� ��� �� SS L L

L
I ;S I ;;I $  ʝ �� DQG�

� � � �� ��L L; ;$ $ ʝ DUH� UHIHUUHG� WR� DV� WKH�
DVVLJQPHQW� IXQFWLRQ� �RU� PHPEHUVKLS� IXQFWLRQ��� RI�

L; WR� �I � DQG� �I �� UHVSHFWLYHO\�� 7KH� DVVLJQPHQW�
IXQFWLRQ� FDQ� EH� LQWHUSUHWHG� DV� WKH� SRVWHULRU�
SUREDELOLW\� WKDW� DQ� REVHUYDWLRQ� FDPH� IURP� RQH� RI�
WKH�FRPSRQHQWV�RI�WKH�PL[WXUH��DQG�FDQ�EH�XVHG�WR�
GHFLGH� ZKLFK� REVHUYDWLRQV� DUH� FRQWDPLQDWHG��
5HODWHG� WR� WKH� DVVLJQPHQW� IXQFWLRQ� LV� WKH�
FRQWDPLQDWLRQ� DVVLJQPHQW� VHW� PHDVXUH��
� � � �� ��� S

) %S % S ) % �ZKHUH� � � � � � �LL %
I) % [ GP [ ³

IRU ����L S �� 7KH� IXQFWLRQV� � � �� ;$ � DQG�� � � �� ��S % S % ʝ �ZLWK� � @�% [ ʝʩ �RU� > ��% [ ʩ
DUH�DOVR�UHIHUUHG�WR�DV�WKH�ORFDO�IDOVH�'LVFRYHU\�UDWH�
�)'5�� DQG� WKH� )'5� LQ� PXOWLSOH� WHVWLQJ� VLWXDWLRQV�
�(IURQ���������1RWH�WKDW�ZKHQ�WKH�QXOO�K\SRWKHVLV�LV�
UHMHFWHG�� � ��S % � �ZLWK� S� UHSODFHG� E\� LWV� POH�
HVWLPDWRU�� FRXOG� EH� LQWHUSUHWHG� KHXULVWLFDOO\� DV� DQ
HPSLULFDO� %D\HV� SRVWHULRU� SUREDELOLW\� WKDW� DQ�
REVHUYDWLRQ�LV�FRQWDPLQDWHG�JLYHQ�WKDW�LW�LV�LQ�%�DQG�
JLYHV� VRPH� LQGLFDWLRQ� RI� WKH� SURSRUWLRQ� RI�
FRQWDPLQDWLRQ� LQ� %� DPRQJ� WKH� EDFNJURXQG�� $OVR�
QRWH�WKDW�
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7KH� /03� WHVW� �QH[W� VHFWLRQ�� VXJJHVWV� WKH� XVH� RI�� �� � LI I ; � WR� GHWHFW� WKH� FRQWDPLQDWHG�
REVHUYDWLRQV�� $� SORW� RI� WKLV� TXDQWLW\� VKRXOG� EH�
FHQWHUHG� DURXQG���ZKHQ� WKHUH� LV� QR� FRQWDPLQDWLRQ��
7R� ILQG� D� VLJQLILFDQW� FROOHFWLRQ� RI� VSXULRXV�

REVHUYDWLRQV�FRQVLGHU�WKH�IROORZLQJ�DSSURDFK�EDVHG�
RQ� WKH� /03� WHVW� VWDWLVWLF�� 'HILQH�� � � �� � � �� � �L L LL ; ; ;/ I I I ʝ �� /HW� WKH�RUGHU�
VWDWLVWLFV� EH� � � � � � �� � ��� Q/ / /� � � � DQG� OHW� � �M L
GHQRWH� WKH� LQYHUVH� UDQN�� L�H��� � � � �L M L/ / �� )RU�
PL[WXUH�RU�VFDQQLQJ�SXUSRVHV��FRQVLGHU�WKH�VHWV�� � � �^ ` � �^ `�� ���� � �L NQ LM Q M Q L N / /' ʝ �ʝ � ˯  
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)RU� PL[WXUHV� ZLWK� POH� Sʢ �� DVVLJQ� L' � WR� �I � DQG�

FL' � WR� �I � ZKHUH� L QSʢ˓ �� /RRN� WKURXJK� WKH�
LQFUHDVLQJ�VHTXHQFH�RI�VHWV� L' �IRU�D�VSDWLDO�SDWWHUQ�
WR� HPHUJH�� 8VH� ������ WR� GHWHUPLQH� ZKLFK� FL' LV�
PRVW�SUREDEOH��

�� 7+(�/03�7(67�
��,Q� WKLV� VHFWLRQ�ZH�GLVFXVV� WKH�/03�DQG� WKH�0/(�
RI� WKH� VLPSOH� FRQWDPLQDWHG�PRGHO� �������7R� REWDLQ�
WKH� /03� WHVW� ZH� QHHG� WKH� IROORZLQJ�� /HW�� � � �� � � � � �� � ���� ORJQ LI ; I ; I I ;LႷႷ   ʚ
GHQRWH� WKH� ORJ� OLNHOLKRRG� RI� D� VHW� RI� REVHUYDWLRQV�
IURP�D�FRPPRQ�GLVWULEXWLRQ�I�DQG�OHW�
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)URP� WKH�JHQHUDOL]HG�1H\PDQ�3HDUVRQ� OHPPD��FI���
)HUJXVRQ��������6HFWLRQV�����DQG�������LW� LV�HDV\� WR�
VKRZ� WKDW� WKH� /03� WHVW� IRU� WHVWLQJ� �� �+ S S 
YHUVXV� �� �+ S S! � LV� EDVHG�RQ� � �� �� �S I I႞ � �VHH�
)HUJXVRQ��������HTXDWLRQ��������
7KH�/03�WHVW�VWDWLVWLF�LV�UHODWHG�WR�WKH�JUDGLHQW�SORW�
LQWURGXFHG� E\� /LQGVD\� �����D�� LQ� WKH� VWXG\� RI�
PL[HG� GLVWULEXWLRQ� PRGHOV� RI� ZKLFK� ������ LV� D�
VSHFLDO�FDVH��+H�XVHV�WKH�JUDGLHQW�SORW�WR�GHWHUPLQH�
ZKHQ� WKH�RQH�SRLQW�PL[WXUH�POH� �L�H���S� ���� LV� WKH�
JOREDO�PL[WXUH�POH��:KHQ�LW�LVQ
W��WKLV�VXJJHVWV�WKDW�
VRPH�FRQWDPLQDWLRQ�LV�SUHVHQW��+RZHYHU��DV�VKRZQ�
LQ� WKH� QH[W� VHFWLRQ�� ZKHQ� WKH� VDPSOH� VL]H� LV� ODUJH�
DQG�S� ����WKH�0/(� Sʢ �ZLOO�EH�JUHDWHU�WKDQ���ZLWK�
SUREDELOLW\� ����� 7KH� IXQFWLRQ� � �� ��I IS႞ � SOD\V� D�
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SURPLQHQW�UROH�LQ�WKH�DQiOLVLV�RI�GDWD�IURP�PL[WXUHV�
PRGHOV�ZKHUH�LW�LV�WKH�GLUHFWLRQDO�GHULYDWLYH�
� � � � � �� ��

�� � 4 4
Q L

LL
I ;' 4 I I I ;
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 ½° ° ʝ® ¾° °¯ ¿¦ ႞ � GHILQHG�
EHORZ�� +HUH� WKH� PL[WXUH� LV� RYHU� D� IDPLO\� RI�
GHQVLWLHV� ^ `�IႩ Ⴉ ʓ႑ �� /HW� 0� GHQRWH� WKH� VHW� RI�
SUREDELOLW\�PHDVXUHV�RQ�႑ ��)RU�4 0ʓ �GHQRWH�WKH�
PL[HG� GLVWULEXWLRQ� RYHU� WKH� IDPLO\� ZLWK� PL[LQJ�
GLVWULEXWLRQ�4�E\� � �4I I G4Ⴉ Ⴉ ³
)RU� ������ Q; ; � EHLQJ� LLG� IURP� 4I �� WKH� OLNHOLKRRG�
DQG�ORJ�OLNHOLKRRG�DUH�JLYHQ�E\�� � � �4 L

L
/ 4 I ; ʚ �DQG� � � � �ORJ 44 I L

L
I ;Ⴗ  ʚ

ZKHUH� � � � �� �� ����� Q4 4 4I I I; ; �� 7KH�
GLUHFWLRQDO�GHULYDWLYH�RI�Ⴗ�DW� �4I �WRZDUGV� �4I �LV�� � � �� � � �� �
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7KH� GLUHFWLRQDO� GHULYDWLYH� '� LV� XVHG� WR� LGHQWLI\�
ZKHQ�D�N�SRLQW�0/(�� 4Nʢ ��IRU� � �/ 4 LV�WKH�JOREDO�
POH� 4ʢ � �D� N�SRLQW� POH� PD[LPL]HV� WKH� OLNHOLKRRG�
IXQFWLRQ�UHVWULFWHG�WR�PL[WXUHV�ZLWK�N�FRPSRQHQWV���
7KH� EDVLF� LGHD� LV� WKDW� � � ��' 4Ⴉ  � DW� WKH� VXSSRUW�
SRLQWV� RI� WKH� N�� SRLQW�0/(� 4ʢ � DQG� � � ��' 4Ⴉ ˯
LI� DQG� RQO\� LI� 4ʢ LV� WKH� JOREDO� 0/(� �/LQGVD\��
����D�E���

�� $6<03727,&�&216,'(5$7,216�
��,Q� WKLV� VHFWLRQ�� ZH� GHWHUPLQH� WKH� DV\PSWRWLF�
GLVWULEXWLRQV�RI�WKH�0/(� Sʢ �RI�S�DQG�WKH�/03�WHVW�
VWDWLVWLF� IRU� WHVWLQJ� � � �+ S  �� :KHQ� WHVWLQJ�

�� �+ S S � DQG� �S � LV� LQ� WKH� LQWHULRU� RI� WKH�
SDUDPHWHU� VSDFH�� L�H��� �� �S� � �� WKH� XVXDO�
DV\PSWRWLFV� JR� WKURXJK�� VLQFH� WKH\� DUH� EDVHG� RQ�
VXPV�RI�ERXQGHG�UDQGRP�YDULDEOHV��VHH�3URSRVLWLRQ�
������ 7KHUHIRUH�� ZH� IRFXV� RQO\� LQ� WKH� FDVH� ZKHQ�
WHVWLQJ� � � �+ S  �� 6HFWLRQ� ���� FRQVLGHUV� WKH� FDVH�
ZKHQ�WKH� WUXH�YDOXH�RI� WKH�SDUDPHWHU� �S  ��6LQFH����

�S  �LV�RQ�WKH�ERXQGDU\��WKLV�OHDGV�WR�DV\PSWRWLFV�
XQGHU� QRQVWDQGDUG� FRQGLWLRQV�� ,Q� SDUWLFXODU�� WKH�
DV\PSWRWLF�GLVWULEXWLRQ�RI� WKH�0/(� Sʢ � LV�D�PL[HG�
GLVWULEXWLRQ�� ZKHUH� RQH� RI� WKH� FRPSRQHQWV� LV�
GHJHQHUDWH�DW����DQG� WKH�RWKHU� LV�HLWKHU�KDOI�QRUPDO�
ZKHQ� WKH� )LVKHU� LQIRUPDWLRQ�� �� ��� � � � �I I I, ( ʝ �ʩ ª º¬ ¼ RU�LV�D�VWDEOH�ODZ�
ZKHQ� �,  ʩ��
6HFWLRQ� ���� FRQVLGHUV� WKH� GLVWULEXWLRQ� RI� WKH� /03�
WHVW� VWDWLVWLF� IRU� WHVWLQJ� � � �+ S  ZKHQ� WKH� WUXH�
YDOXH� RI� WKH� SDUDPHWHU� � �S� � �� 7KH� UHVXOWV�
WKHUHLQ�FDQ�EH�XVHG�IRU�SRZHU�FDOFXODWLRQV��6HFWLRQ
����JLYHV�WKH�GLVWULEXWLRQDO�SURSHUWLHV�RI�WKH�UDWLR�RI�
WZR�GHQVLWLHV�IRU�WKH�FDVHV�XVHG�LQ�WKH�H[DPSOHV�DQG�
VLPXODWLRQV�� 7KRXJK� RXW� WKLV� VHFWLRQ�� OHW�

������ Q; ; � EH� LLG� ZLWK� GHQVLW\�
� � � � � � � �� � �[ S [ S [SI I I ʝ � � ZKHUH� DOO� WKH�

UDQGRP�YDULDEOHV�DUH�DVVXPHG�WR�EH�GHILQHG�RQ�WKH�
VDPH� SUREDELOLW\� VSDFH�� $OVR� OHW�� � � �� �; ;L LL= I I � DQG�

� � � �
� �� �

�
� ; ;L LL L ;L

I I/ = I
ʝ ʝ  �� 7KH� /03� WHVW�

VWDWLVWLF� IURP� 6HFWLRQ� �� FRUUHVSRQGLQJ� WR� WKH� QXOO�
K\SRWKHVLV� � � �+ S  LV�GHQRWHG�E\� �Q LQ L7 /  ¦ ��
/HW� � �� � �L, ( / DQG� � ��� � ���L L L/: (   
ZKHUH� �( GHQRWHV� H[SHFWDWLRQ� XQGHU� �+ �� 1RWH�
WKDW� �, LV� WKH�)LVKHU� LQIRUPDWLRQ�XQGHU� �+ ��$OVR��
WKURXJKRXW� WKLV� VHFWLRQ�� *Ⴂ � UHSUHVHQWV� WKH�
FXPXODWLYH�GLVWULEXWLRQ�IXQFWLRQ�RI�D�VWDEOH�ODZ�ZLWK�
SDUDPHWHU� � @�� �Ⴂ ʓ ��L�H���LWV�FKDUDFWHULVWLF�IXQFWLRQ�
LV��$�����'HILQH� �* *Ⴂ Ⴂ ʝ ��
7KH� QH[W� SURSRVLWLRQ� LV� XVHG� LQ� VRPH� SDUWV� RI� WKLV�
VHFWLRQ�DQG�LV�WKH�EDVLV�IRU�WKH�FODLP�WKDW�ZKHQ� �S
LV�LQ�WKH�LQWHULRU�RI�WKH�SDUDPHWHU�VSDFH�WKH�WHUPV�LQ�
WKH�/03�WHVW�VWDWLVWLF�DUH�DOO�ERXQGHG��
352326,7,21������� � � �
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LV�ERXQGHG�IRU� � �S� � ��KHQFH�DOO�LWV�PRPHQWV�DUH�
ILQLWH���
3URRI��1RWLFH�WKDW�
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7KH� QH[W� IHZ� OHPPDV� VKRZ� WKH� GLVWULEXWLRQ� RI� WKH�
0/(� Sʢ �ZKHQ�S� ���XQGHU�GLIIHUHQW�FRQGLWLRQV��
/HPPD������8QGHU� � � ��+ S Sʢ � FRQYHUJHV� WR� ��
DOPRVW�VXUHO\��
3URRI��/HW� � � � �
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6R� � �SO � LV�FRQFDYH�DQG�DWWDLQV�LWV�PD[LPXP�� Sʢ ��
HLWKHU� DW� �� RU� �� RU� RQ� ���� ���� /HW� � � � �Q S S8 OŸ 
ZKHUH� � ��Q Q8 8 � DQG� QRWH� WKDW� � �Q8 S � LV� WKH�
VXP�RI�Q�LLG�UDQGRP�YDULDEOHV�ZLWK�

� � � �
� �� � � �L L

LS
I ; I ;

I ;( ʝ§ ·  ¨ ¸© ¹ ZKHQ� �S  DQG�
� IRU �S� ! ������

:KHQ� � ���Q Q QS8 8 8˯˯ VLQFH� � �O S � LV�
FRQFDYH�� 7KXV�� � �O S � DWWDLQV� LW� PD[LPXP� DW� �� RQ�^ `�Q8 ˯ �� :KHQ� � ���Q S8 O! � DWWDLQV� LWV�
PD[LPXP� RQ� ����@�� 6LQFH� � �Q S8 � KDV� PHDQ� OHVV�
WKDQ���IRU� � �S� � �� � �Q S8 Q �FRQYHUJHV�DOPRVW�
VXUHO\�WR�D�QHJDWLYH�QXPEHU��EHFDXVH�RI�3URSRVLWLRQ
������ :KHQ� � � �Q S8 � � DQG� �� �Q S S8 ʢ! � �
ZLWK� � � �Q S8 ʢ  � VLQFH� � �� �Q8 ! � DQG�

� � �Q8 S � ��7KXV�� OLP S Sʢ� � DOPRVW�VXUHO\�RQ�
WKH� VHW� ZKHUH� � �Q S8 Q � FRQYHUJHV� WR� LWV� PHDQ��
6LQFH� �S! � LV� DUELWUDU\�� WKLV� ZLWK� WKH� SUHYLRXV�
SDUDJUDSK�LPSOLHV�WKDW� Sʢ �FRQYHUJHV�WR�]HUR�DOPRVW�
VXUHO\���
/HPPD������,I� �, ʩ� �DQG� ����L L: ʩ  � ��WKHQ��
XQGHU� � �+ QSʢ � FRQYHUJHV� LQ�GLVWULEXWLRQ� WR� ;
ZKHUH� �;  � ZLWK� SUREDELOLW\� ��� DQG�� �����1 ,ʝ �ZLWK�SUREDELOLW\������
3URRI��,I� � ����Sʢ ʓ ��WKHQ� � � �SO ʢ  Ÿ �DQG�

� � � � � � � � � � � �� ��� � � �
O S SO O O S O Sʢ ʢ ʢŸŸŸ ŸŸ Ÿ Ÿ ŸŸ ʝ ʝ ʝ 
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ZKHUH� SŸ �LV�EHWZHHQ���DQG� Sʢ �DQG�

� � � � � �� ��

�� �
�� Q

L

L L
S L

;
;

I ; IO S I 
ʝŸŸŸ ª º¬ ¼ ¦

1RWH� WKDW� VLQFH� WKH� GHULYDWLYH� RI� � �O SŸŸŸ LV�
QRQSRVLWLYH�� � �O SŸŸŸ LV� QRQLQFUHDVLQJ� DQG�

� � � � � �� �O O S OŸŸŸ ŸŸŸ ŸŸŸ˯ ˯ ��7KXV�� VLQFH� L: ʩ� � IRU�
���L  �� WKH� VHTXHQFH� � � � �� �� ���O S Q QŸŸŸ  � LV�

ERXQGHG� DOPRVW� VXUHO\�� ,W� IROORZV� IURP� ������ WKDW�
ZKHQ� �Q8 ! �DQG� � � � �� �� ���Q S8 � ʓ DQG�
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,Q� ������ Q5 � JRHV� WR� ]HUR� DOPRVW� VXUHO\� VLQFH� Sʢ
FRQYHUJHV� WR� ]HUR� DOPRVW� VXUHO\�� WKH� VHTXHQFH�� � �� ������O S Q QŸŸŸ  � LV� ERXQGHG� DOPRVW� VXUHO\�
DQG� � ��O QŸŸʝ � FRQYHUJHV� DOPRVW� VXUHO\� WR� �, ��
:KHQ� �� �Q8 Sʢ˯  �� 6LQFH� Q8 Q LV�
DV\PSWRWLFDOO\� � ����1 , �DQG� � ��Q8 Q �FRQYHUJHV�
DOPRVW� VXUHO\� WR� D� QHJDWLYH� QXPEHU� E\� �������� ��Q83 ˯ � DQG� � �� �� DQG �Q Q8 8 S3 ! �
ERWK�FRQYHUJH�WR������7KH�VHFRQG�SDUW�RI�WKLV�OHPPD
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IROORZV� IURP� WKLV� DQG� IURP������� VLQFH� � ��O QŸŸʝ
FRQYHUJHV� DOPRVW� VXUHO\� WR�> @� �� �

�� � �I I I( ,ʝ  DQG � ��O QŸʝ
FRQYHUJHV�LQ�GLVWULEXWLRQ�WR� � ����1 , ���
)RU�WKH�QH[W�OHPPD��^ `QD �LV�D�VHTXHQFH�RI�UHDO�
QXPEHUV�DQG�
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/HPPD� ����� ,I� �= � 6DWLVILHV� �$���� IRU� VRPH�
� �Ⴂ ˯� ���L�H���LV�LQ�WKH�GRPDLQ�RI�DWWUDFWDWLRQ�RI�
DQ� Ⴂ �VWDEOH� ODZ�� DQG� QD � VDWLVILHV� �$����� WKHQ��
XQGHU� �+ �� � �Q QS S9D ʢ ʢ �FRQYHUJHV�LQ�GLVWULEXWLRQ�
WR� ; �ZKHUH� �;  �ZLWK�SUREDELOLW\� � ��*Ⴂ �DQG�� � � �3 ; G * GႢ ! �IRU� �G ! ��
3URRI��)RU� � � � ���� � �S O Sʢ ʢʓ  Ÿ �DQG�
� � � � � �
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1RWH�WKDW�ZKHQ� � ����Sʢ ʓ ��� � � �� Q Q

Q
O S S9DD ʢ ʢŸ  

DQG� � �� QO DŸ �FRQYHUJHV�LQ�GLVWULEXWLRQ� WR�*Ⴂ E\�
/HPPD�$���VLQFH� � �� � �( =  ��6LQFH� �Sʢ  �ZKHQ�� �� �O Ÿ � ��WKH�UHVXOWV�IROORZV���
��)URP� WKH� SURRI� RI� /HPPD� ����� E\� VHWWLQJ�

Q QD  �ZH�FDQ�JHW�WKH�DV\PSWRWLF�GLVWULEXWLRQ�RI�
Sʢ �ZLWKRXW� WKH� WKLUG�PRPHQW� DVVXPSWLRQ�JLYHQ� LQ�
/HPPD� ����� 7KH� QH[W� FRUROODU\� VWDWHV� WKLV� UHVXOW��
&RUROODU\������,I� �, ʩ� ��WKHQ��XQGHU� �+ �� �Ⴂ  
DQG� � �QQ SS 9ʢ ʢ � FRQYHUJHV� LQ� GLVWULEXWLRQ� WR�
; �ZKHUH� �;  �ZLWK�SUREDELOLW\���� � �����1 ,ʝ 

DQG� � ZLWK� SUREDELOLW\ ���� 0RUHRYHU�� � ��Q9
FRQYHUJHV�DOPRVW�VXUHO\�WR� �, ��
5HPDUN� �����:KHQ� � �� �� �Q9Ⴂ� � � FRQYHUJHV� LQ�
GLVWULEXWLRQ�WR�D�VWDEOH�ODZ�ZLWK�SDUDPHWHU� �Ⴂ ��E\�
&RUROODU\� $����� 6R�� RQH� &RXOG� UHSODFH� � �Q9 Sʢ
ZLWK� � ��Q9 � LQ� ������� H[FHSW� WKDW� RQH� FRXOG� QRW�
MXVWLI\� WKLV� UHSODFHPHQW� ZLWKRXW� SXWWLQJ� VRPH�
FRQGLWLRQ� RQ� � �SOŸŸŸ � 7KH� QH[W� IHZ� OHPPDV� VKRZ�
WKH� GLVWULEXWLRQ� RI� WKH� /03� WHVW� VWDWLVWLF� Q7 � IRU�
YDULRXV�FDVHV��
/HPPD� ����� ,I� � �, � �� WKHQ�� XQGHU� � � Q+ 7 Q
FRQYHUJHV�LQ�GLVWULEXWLRQ�WR� � ����1 , ���
3URRI��7KH�SURRI� IROORZV�E\�D�GLUHFW�DSSOLFDWLRQ�RI
WKH�FHQWUDO�OLPLW�WKHRUHP��
/HPPD������,I� �= �DQG� QD �VDWLVI\�FRQGLWLRQV��$����
DQG� �$����� UHVSHFWLYHO\�� IRU� VRPH� � �Ⴂ ˯� �� WKHQ��
XQGHU� � � Q Q+ 7 D �FRQYHUJHV�LQ�GLVWULEXWLRQ�WR�*Ⴂ
�D�VWDEOH�ODZ�ZLWK�SDUDPHWHU�Ⴂ ����
3URRI��7KH�SURRI� IROORZV�E\�D�GLUHFW�DSSOLFDWLRQ�RI
/HPPD�$����
,I� �I � KDV� DQ� XQNQRZQ� SDUDPHWHU� DQG� �S  �� DQ�
LGHQWLILDELOLW\� LVVXH� VXUIDFHV� WKDW� PDNHV� LW�
LPSRVVLEOH� WR� HVWLPDWH� WKDW� SDUDPHWHU�� ,Q� WKLV� FDVH��
LI�WKH�SDUDPHWHU�LV�HVWLPDWHG�IURP�WKH�GDWD�DQG�XVHG�
WR� FDOFXODWH� Q7 �� LW� LV� QRW� FOHDU� WR� ZKDW� OLPLW�
GLVWULEXWLRQ� Q7 � LV� FRQYHUJLQJ�� 7KH� VLPXODWLRQV�
VKRZQ�ODWHU�LOOXVWUDWH�WKLV�SRLQW��
����&DVH���� �S!
7KH�DV\PSWRWLF�GLVWULEXWLRQ�RI� Q7 �JLYHQ�LQ�/HPPDV�
����DQG�����LV�IRU� �S  ��7KH�QH[W�WZR�OHPPDV�JLYH�
WKH�DV\PSWRWLF�GLVWULEXWLRQ�RI� Q7 ZKHQ� �S! ��)RU�
WKLV��DVVXPH�WKDW� � �� � ��S S; I I S I ʝ �� �DQG�
OHW�� � �� � ��: ( /Ÿ  �
/HPPD� ����� ,I� �, ʩ� � DQG� �: ʩ� �� WKHQ�� ��Q QQ S7 ,ʝ � FRQYHUJHV� LQ� GLVWULEXWLRQ� WR�� �� � �

����1 , S S ,:� Ÿʝ ��
3URRI��,W� LV�HDV\�WR�SURYH�WKDW� � �� �S / S( , DQG�� ��� ��S / S( , :� Ÿ �� 7KH� UHVXOW� WKHQ� IROORZV�
IURP� D� GLUHFW� DSSOLFDWLRQ� RI� WKH� FHQWUDO� OLPLW�
WKHRUHP��
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/HPPD� ������ 6XSSRVH� �= � DQG� QD � VDWLVI\�
FRQGLWLRQV� �$���� DQG� �$����� UHVSHFWLYHO\�� IRU� VRPH�
� �Ⴂ ˯� �� ,I� � �Ⴂ ˯� �� WKHQ� �, ʩ� DQG�� ��Q QQ S7 , Dʝ FRQYHUJHV�LQ�GLVWULEXWLRQ�WR�*Ⴂ ��
ZKLOH� LI� � �Ⴂ� � �� Q Q7 D FRQYHUJHV� LQ�
GLVWULEXWLRQ�WR�*Ⴂ ��,I� �Ⴂ  ��WKHQ� � �Q Q Q7 D�ʝ
FRQYHUJHV� LQ� GLVWULEXWLRQ� WR� D� VWDEOH� ODZ� ZLWK�
SDUDPHWHU����ZKHUH� Q� LV�GHILQHG�DV�LQ��$�����
3URRI��7KH�SURRI�LV�D�GLUHFW�DSSOLFDWLRQ�RI�WKH�UHVXOWV�
LQ�$SSHQGL[�$��
���� ',675,%87,21$/� 3523(57,(6� 2)�
'(16,7<�5$7,26�,Q� WKLV� VHFWLRQ�� ZH� FRQVLGHU� WKH� SURSHUWLHV� RI�� � � �� �= ; ;I I � IRU� VRPH� IUHTXHQWO\� XVHG�
GLVWULEXWLRQV�� 7KHVH� SURSHUWLHV� DUH� UHTXLUHG� WR� XVH
WKH� OHPPDV� LQ� 6HFWLRQV� ���� DQG� ����� 6HFWLRQ� ������
FRQVLGHUV� WKH� FDVH� ZKHQ� ERWK�� �I � DQG� �I � DUH�
H[SRQHQWLDO� GLVWULEXWLRQV�� DQG� 6HFWLRQ� ������
FRQVLGHUV�WKH�FDVH�RI�WKH�QRUPDO�GLVWULEXWLRQ��
����� (;321(17,$/�',675,%87,21�
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\\ HႱႾ ʝ � GHQRWH� WKH� GHQVLW\� RI� D�
VWDQGDUG� QRUPDO� GLVWULEXWLRQ�� 6XSSRVH� QRZ� WKDW�� � � �� ��� [ [I� Ⴔ Ⴞ � Ⴔ Ⴔ ʝ �DQG� OHW�

MI  �� MMI� Ⴔ � IRU� ���M  �� $VVXPH� DOVR� WKDW�
�� MM; I� Ⴔ� ��%HIRUH�H[DPLQLQJ�WKH�WDLO�SUREDELOLW\�

RI�WKH�GHQVLW\�UDWLR��ZH�QHHG�WKH�WDLO�SUREDELOLW\�RI�D�
QRUPDO� GLVWULEXWLRQ�� /HW� < �EH� D� VWDQGDUG� QRUPDO�
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�� 6,08/$7,216�
��)RU� WKH� ILUVW� VHW� RI� VLPXODWLRQV�� EDFNJURXQG� DQG�
FRQWDPLQDWLRQ� GDWD� DUH� JHQHUDWHG� IURP� H[SRQHQWLDO�
GLVWULEXWLRQV� ZLWK� PHDQV� � �������Ⴉ  � DQG�
� �������Ⴉ  ��UHVSHFWLYHO\��ZKLFK�DUH�WKH�HVWLPDWHG�

PHDQV� IRU� WKH� ��SRLQW�POH� IRU� WKH�0LQLQJ�'DWD� LQ�
WKH� QH[W� VHFWLRQ�� 6DPSOHV� RI� VL]HV� Q�  � ����� �����
����� DUH� JHQHUDWHG�� ZLWK� ��� �� DQG� �� SHUFHQW� RI�
FRQWDPLQDWLRQ��S� ���������� ������:LWK�HDFK�VDPSOH�
ZH� FDOFXODWH� � � � �� �� �

� �
Q L L
L L

Q
I ; I ;7 I ; 

ʝ ¦ � DQG�
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Ö Ö
Ö

Q L L
L

L
Q

I ; I ;6 I ; 
ʝ ¦ �� ZKHUH� �ÖI DQG�

�ÖI � DUH� HVWLPDWHV� RI� WKH� GHQVLWLHV� EDVHG� RQ� WKH�
PD[LPXP� OLNHOLKRRG� HVWLPDWRUV� RI� �Ⴉ � DQG� �Ⴉ ��
7KHVH� HVWLPDWHV� DUH� XVHG� DV� LI� WKH\� ZHUH� WKH� WUXH�
SDUDPHWHUV� DQG� D� QRUPDOL]LQJ� FRQVWDQW� DQG� FULWLFDO�
YDOXH� DUH� FDOFXODWHG� EDVHG� RQ� WKHVH� HVWLPDWHV�� 7KH�
SURFHVV�LV�UHSHDWHG�1� �������WLPHV�DQG�WKH�QXPEHU�
RI� UHMHFWLRQV� RI� WKH� QXOO� K\SRWKHVLV� � �� S+  � DW�
WKH�����OHYHO�DUH�UHFRUGHG�
)ROORZLQJ� WKH� UHVXOWV� IURP� 6HFWLRQ� ������� WKH�
YDULDQFH�RI�WKH�WHUPV�LQ� Q7 �FRUUHVSRQGLQJ�WR� �I �LV�
LQILQLWH�� EXW� WKH� WDLO� EHKDYLRU� RI� WKH� GHQVLW\� UDWLR��
XQGHU� �+ �� IROORZV� WKDW�RI� WKH�ILUVW� OLQH�RI�7DEOH���
ZLWK�� ���� ��� ���� ��� �Į  ��������������������������� �
�������DQG�F  ������������������������� �����������
+HQFH�� WKH� QRUPDOL]LQJ� FRQVWDQW� LV�

� �� ������ ������������������ ��������������Q Q QVD   
��)URP�/HPPD�$����WKH�UHMHFWLRQ�UHJLRQ�GHILQHG�E\�� ������������������ �������Q7 Q ! � ZRXOG� UHMHFW�
WKH�QXOO�K\SRWKHVLV�ZLWK�SUREDELOLW\������LI�WKHUH�DUH�
QR�DQRPDOLHV��$�VLPLODU�SURFHVV�LV�GRQH�WR�FDOFXODWH�
WKH�UHMHFWLRQ�UHJLRQ� ���QQ6 D G! � LQ�HDFK�VDPSOH��
ZKHUH�WKH�QRUPDOL]LQJ�FRQVWDQW� QD �DQG�WKH�FULWLFDO�
YDOXH� ���G �FKDQJH�IURP�VDPSOH�WR�VDPSOH��DQG�DUH�
FDOFXODWHG�EDVHG�RQ� HLWKHU� WKH�QRUPDO�RU� WKH� VWDEOH
GLVWULEXWLRQ��� 7KH� UHVXOWV� RI� WKHVH� VLPXODWLRQV� DUH�
VKRZQ�

BBBBBBBBBBBBBBBBBBBBBBBB
� LI� � �Ö Ö�Ⴉ Ⴉ� �� DQG� WKHVH� DUH� DVVXPHG� WR� EH� WKH� DFWXDO�
SDUDPHWHUV��WKH�YDULDQFH�RI�WKH�LQ�7DEOH���7$%/(�,�

$V\PSWRWLF�GLVWULEXWLRQ�WKHRU\�IRU�FRQWDPLQDWLRQ�PRGHOV�
3URSRUWLRQ�RI�UHMHFWLRQV�RI� �+ ��QR�DQRPDOLHV��RXW�RI�������
VLPXODWLRQV�ZLWK�EDFNJURXQG�DQG�FRQWDPLQDWLRQ�JHQHUDWHG�
IURP�H[SRQHQWLDO�GLVWULEXWLRQV�ZLWK�PHDQV���������DQG�

���������UHVSHFWLYHO\��ZLWK�S� ����������������
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7KH� VLPXODWLRQV� VKRZ� WKDW� ZKHQ� XVLQJ� WKH� WUXH�
SDUDPHWHUV� WR� FDOFXODWH� Q7 � WKH� SURSRUWLRQ� RI�
VDPSOHV�WKDW�UHMHFWHG�WKH�QXOO�K\SRWKHVLV�ZKHQ�LW� LV�
WUXH�LV�DERXW�������DV�H[SHFWHG��1RWLFH�WKDW�ZLWK�WKH�
EDFNJURXQG� DQG� FRQWDPLQDWLRQ� PHDQV� IL[HG� DW������
�Ⴉ �  � �������� DQG� �Ⴉ �  � ��������� WKH� SRZHU�

LQFUHDVHV� DV� WKH� SURSRUWLRQ� RI� DQRPDOLHV�� S��
LQFUHDVHV� DQG� DV� WKH� VDPSOH� VL]H� LQFUHDVHV�� 7KH�
H[DFW� DV\PSWRWLF� SRZHU� IRU� WKH� /03� WHVW� FDQ� EH�
FDOFXODWHG� XVLQJ� /HPPD� ����� DQG� WKH� UHVXOWV� IURP�
6HFWLRQ� ������ DQG� 7DEOH� ��� ZLWK�� �� � � ���������Ⴂ Ⴉ Ⴉ Ⴉ   ʝ � DQG�

� �� � ���������SF S ႢႩ Ⴉ   �� ZKLFK� JLYHV�
� �� �����������������FV SႢႢ  �� 5HMHFWLRQ� RFFXUV�
ZKHQ� � ������������������ �������Q7 Q ! �� ZKLFK�
LV�HTXLYDOHQW�WR�UHMHFWLQJ�LI�� � � ��������� �������� �������� �������������������������Q7 S S QQ !
7KH�OHIW�KDQG�VLGH�RI�WKLV�LQHTXDOLW\�FRQYHUJHV� WR�D�
VWDEOH� ODZ� ZLWK� SDUDPHWHU� Ⴂ  � ����������� 7KH�
SRZHU� FDQ� EH� REWDLQHG� IRU� HDFK� YDOXH� RI� Q� DQG� S��
)RU�LQVWDQFH��LI�Q� �����DQG�S� �������WKH�SRZHU�LV�
WKH� SUREDELOLW\� WKDW� D� YDOXH� IURP� D� VWDEOH� ODZ� LV�
ODUJHU�WKDQ�����������WKDW� LV������������,Q� WKH�FDVH�
RI�Q� �����DQG�S� �������WKH�WDLO�VWDUWV�DW�����������
ZKLFK� JLYHV� D� SRZHU� RI� ����������� )RU� Q�  � �����
DQG� S�  � ������ WKH� SRZHU� LV� ���������� 7KH�
VLPXODWLRQV� FRQILUP� WKHVH� YDOXHV� ,I� HVWLPDWHV� DUH�
XVHG� DV� LI� WKH\�ZHUH� WKH� WUXH� SDUDPHWHUV�� UHMHFWLRQ
RFFXUV� ������ RI� WKH� WLPH� ZKHQ� WKHUH� DUH� QR�
DQRPDOLHV� SUHVHQW� �S�  � ��� DQG� Q�  � ����� 7KLV� LV�
WURXEOLQJ� DQG� LQGLFDWHV� WKDW� IDOVH� GLVFRYHU\� LV� D�
VHULRXV� SUREOHP� LQ� WKLV� FDVH�� 7KLV� LV� QRW� WKH� FDVH�
ZKHQ�S�!���DQG�$SSHQGL[�%�LQGLFDWHV�WKH�QHFHVVDU\�
DGMXVWPHQWV� WKDW� QHHG� WR� EH�PDGH�ZKHQ� HVWLPDWLQJ�
SDUDPHWHUV� )RU� WKH� VHFRQG� VHW� RI� VLPXODWLRQV� GDWD�
DUH�JHQHUDWHG� IURP�QRUPDO�GLVWULEXWLRQV��ZKHUH� WKH�
EDFNJURXQG� FRQVLVWV� RI� VWDQGDUG� QRUPDO� YDULDEOHV�� ��� � �� DQG� Ⴔ   � DQG� WKH� DQRPDOLHV� FRQVLVW� RI�
D�QRUPDO�ZLWK�PHDQ� � ��  � DQG�YDULDQFH� �

� �Ⴔ  ��
6DPSOHV�RI�VL]HV�Q� ����������������DUH�JHQHUDWHG��
ZLWK� ��� �� DQG� �� SHUFHQW� RI� WKH� REVHUYDWLRQV� EHLQJ�
DQRPDOLHV�
7KH�UHVXOWV�IURP�6HFWLRQ�������DQG�7DEOH���DUH�XVHG
WR� GHWHUPLQH� WKH� UHMHFWLRQ� UHJLRQ� IRU� HDFK� VDPSOH��
6LQFH� WKH�YDULDQFH�RI� � �I I LV� LQILQLWH�XQGHU� �I ��
WKH� WDLO� EHKDYLRU� RI� WKH� GLVWULEXWLRQ� RI� WKH� UDWLR�
QHHGV� WR� EH� WDNHQ� LQWR� FRQVLGHUDWLRQ� WR� VHH� ZKDW�

VWDEOH� ODZ� DSSOLHV� ZKHQ� � �� �  DQG
� �

� �Ⴔ Ⴔ  �� 7KLV� LV� GHVFULEHG� LQ� 6HFWLRQ� ������
ZLWK�� � �

� � �
��� ��

� � � ���� � �� ��
�� � � � ���������

E F
Ⴂ

Ⴂ Ⴃ
Ⴃ Ⴑ Ⴑ

 ʝ    
   

7KH�UHMHFWLRQ�UHJLRQ�LV�QRZ�IRXQG�XVLQJ�WKH�UHVXOWV
IURP� 7DEOH� 9�� UHMHFW� WKH� QXOO� K\SRWKHVLV�

� � �S+  �LI�

� �� � ��������
��������� ORJ

7Q
Q Q

!
7KH�UHVXOWV�RI�WKHVH�VLPXODWLRQV�DUH�IRXQG�LQ�7DEOH
,,��7KH�/03�WHVW�VHHPV�VRPHZKDW�FRQVHUYDWLYH�IRU���
Q�  � ����� SRVVLEO\� EHFDXVH� WKLV� VDPSOH� VL]H� LV� WRR�
VPDOO�WR�REVHUYH�FRQYHUJHQFH�WR�WKH�VWDEOH�ODZ��7KLV�
UHVXOWHG� LQ� D� WHVW� ZLWK� VRPHZKDW� SRRU� SRZHU�� )RU���
Q�  � ���� DQG� Q�  � ������ WKH� WHVW� VHHPV� WR� SHUIRUP�
EHWWHU��

7$%/(�,,�
$V\PSWRWLF�GLVWULEXWLRQ�WKHRU\�IRU�FRQWDPLQDWLRQ�PRGHOV�

3URSRUWLRQ�RI�UHMHFWLRQV�RI� �+ ��QR�DQRPDOLHV��RXW�RI�������
VLPXODWLRQV�ZLWK�EDFNJURXQG�DQG�DQRPDOLHV�JHQHUDWHG�IURP�
QRUPDO�GLVWULEXWLRQV�ZLWK�PHDQ���DQG�YDULDQFHV���DQG����

UHVSHFWLYHO\�

7KH� H[DFW� DV\PSWRWLF� SRZHU� FDQ� EH� FDOFXODWHG� IRU�
WKHVH� WHVWV� E\� XVLQJ� /HPPD� ������ 7DEOH� 9� DQG�
6HFWLRQ� ������� 6XSSRVH� WKH� WUXH� SURSRUWLRQ� RI�
DQRPDOLHV� S � LV� SRVLWLYH� �S! �� 7KHQ�� � � � � � � �� � � � ��3 = ] S 3 = ] S3 = ] ʝ �! ! ! ��
/HW� � �� � � ���Ⴂ  ʝ  � DQG�� ���� ��� � ����������F S SႱ  7KXV��WR�JHW�D�
VWDEOH� ODZ� ZH� QHHG� WR� QRUPDOL]H� Q7 � E\�� ������������ ORJQ QS ��$�UHDUUDQJHPHQW�RI�WKH�
UHMHFWLRQ� UHJLRQ� �ZKLFK� ZDV� QRUPDOL]HG� RULJLQDOO\�
E\� � �� ���������� ORJQ Q �� ZRXOG� UHVXOW� LQ�
UHMHFWLRQV�ZKHQ�
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7KH� H[DFW� DV\PSWRWLF� SRZHU� ZKHQ� Q�  � ���� DQG�
���S  �LV�WKH�SUREDELOLW\�WKDW�D�VWDEOH�ODZ�YDULDEOH�

ZLWK� SDUDPHWHU� ���� LV� JUHDWHU� WKDQ�� �� �

� ��
�������� ORJ��� ���������� ���  �� 7KLV�
SUREDELOLW\�LV������������6LPLODUO\��IRU�Q� �����DQG�
SURSRUWLRQV�S� �����DQG�S� ������WKH�SUREDELOLWLHV�RI�
UHMHFWLQJ� WKH� QXOO� K\SRWKHVLV� DUH� ����������� DQG�
����������� UHVSHFWLYHO\�� ZKHUHDV� WKH� VLPXODWLRQV�
HVWLPDWHG� WKHVH� QXPEHUV� DV� ������� DQG� ��������
UHVSHFWLYHO\�

�� '$7$�(;$03/(6�
��)ROORZLQJ�WKH�DQDO\VLV�IURP�*UHJR�HW�DO���������RI�
WKH�PLQLQJ�DFFLGHQW�GDWD��)LJXUH���KDV�WKH�JUDGLHQW
IXQFWLRQV�IRU�WKH���DQG���SRLQW�PL[WXUH�POH
V�ZKHUH
WKH� PL[LQJ� LV� RYHU� WKH� PHDQ� RI� DQ� H[SRQHQWLDO�
GLVWULEXWLRQ� DQG� )LJXUH� �� KDV� WKH� DVVLJQPHQW�
IXQFWLRQ� IRU� WKH� VHFRQG� FRPSRQHQW� LQ� WKH� ��SRLQW�
POH�� 7KH� HVWLPDWHV� RI� WKH� PHDQV� DQG� PL[LQJ�
SURSRUWLRQV�DUH�JLYHQ�LQ�7DEOH�,,,��7KH�JUDGLHQW�SORW�
LQGLFDWHV�WKDW�WKH������SRLQW�POH�LV�QRW�WKH�JOREDO�POH�
EXW�WKH���SRLQW�LV��7KH�DVVLJQPHQW�IXQFWLRQ�LQGLFDWHV�
D�GLVWLQFW�GLIIHUHQFH�LQ�WKH�ILUVW����WLPHV�DQG�UHVW�RI�
WKH�WLPHV��)XUWKHU�DQDO\VLV�E\�*UHJR�HW�DO� LQGLFDWHV�
WKDW�WKH�ILUVW����DUH�ZHOO�ILW�E\�D�VLQJOH�H[SRQHQWLDO�
DQG�WKH�UHVW�E\�D����SRLQW�PL[WXUH��

7$%/(�,,,�
$V\PSWRWLF�GLVWULEXWLRQ�WKHRU\�IRU�FRQWDPLQDWLRQ�PRGHOV�
0D[LPXP�OLNHOLKRRG�HVWLPDWHV�IRU�WKH�PLQLQJ�GDWD�

)RU�WKH�PLQLQJ�GDWD�ZH�ZLOO�XVH�DQ�H[SRQHQWLDO�ZLWK
PHDQ� �������� DV� �I � DQG� D� ��SRLQW� PL[HG�
H[SRQHQWLDO� ZLWK� PHDQV� �������� DQG� �������� DQG�
PL[LQJ� SURSRUWLRQV� SURSRUWLRQDO� WR� �������� DQG�
��������� UHVSHFWLYHO\�� DV� �I �� 7KDW� LV�� � �4I I 
ZKHUH� �4 KDV�SRLQW�PDVVHV�DW���������DQG���������

ZLWK�PL[LQJ� SURSRUWLRQV� �������� DQG� �������� DQG�
WKH�

),*85(���
$V\PSWRWLF�GLVWULEXWLRQ�WKHRU\�IRU�FRQWDPLQDWLRQ�PRGHOV�
*UDGLHQW�SORWV�RI�D����DQG���SRLQW�PL[WXUHV��POH��RI�

H[SRQHQWLDOV�IRU�WKH�0LQLQJ�'DWD�

IDPLO\�� ^ `I� ��EHLQJ�PL[HG�RYHU�LV�WKH�H[SRQHQWLDO�
ZLWK� LWV�PHDQ�SDUDPHWHUL]DWLRQ��7KHVH�DUH�DVVXPHG�
DV� WKH� WUXH� SDUDPHWHUV� DQG� /HPPD� ���� DORQJ� ZLWK�
7DEOH�9�FDQ�EH�XVHG�WR�FDOFXODWH�FULWLFDO�YDOXHV�IRU�
WKH�/03� WHVW� VWDWLVWLF�� 7KH�/03� WHVW� VWDWLVWLF�� Q7 ��
DVVXPLQJ� DOO� WKH� SDUDPHWHUV� DUH� NQRZQ�� LV� WKHQ�
JLYHQ�E\�
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8QGHU�WKH�QXOO�K\SRWKHVLV�� L�H�� �L; I� �� WKH� WHUPV�
LQ� WKH� ILUVW� VXP�KDYH� LQILQLWH� YDULDQFH�ZKHUHDV� WKH
WHUPV� LQ� WKH� VHFRQG� VXP� KDYH� ILQLWH� YDULDQFH� �VHH�
$SSHQGL[� ������ IRU� GHWDLOV��� 8VLQJ� WKH� QRWDWLRQ� RI�
$SSHQGL[� ������ ZLWK� � �������Ⴉ  DQG�

� �������Ⴉ  �� OHW�
� �������� ���������������  ��������Ⴂ  ��

� ��������� ������� �������F  ���������� DQG�
������������������QQD  �� ,I� Q7 � LV� QRUPDOL]HG� E\�

QD �� WKH�VHFRQG�VXP�ZLOO�TXLFNO\�FRQYHUJH� WR�]HUR�
DV� Qȝ ʩ��7KH�ILUVW�VXP�FRQYHUJHV�LQ�GLVWULEXWLRQ�
WR� D� VWDEOH� ODZ� ZLWK� SDUDPHWHU� ��������Ⴂ  ��
7KHUHIRUH� � ���������Q Q7 D � FRQYHUJHV� LQ�
GLVWULEXWLRQ�WR�WKH�VDPH�VWDEOH�ODZ��
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)RU� WKH� PLQLQJ� GDWD�� �������Q7  DQG�� ��������� ��������Q Q7 D  ��8VLQJ�7DEOH�,9�IRU�
���Ⴂ  �ZH�FDQ�VHH�WKDW�WKH�S�YDOXH�LV�EHWZHHQ������

),*85(���
$V\PSWRWLF�GLVWULEXWLRQ�WKHRU\�IRU�FRQWDPLQDWLRQ�PRGHOV�

$VVLJQPHQW�IXQFWLRQ�IRU�WKH�VHFRQG�FRPSRQHQW�RI�WKH���SRLQW�
PL[WXUH��POH��RI�H[SRQHQWLDOV�IRU�WKH�0LQLQJ�'DWD�

DQG� ������ 7KH� DFWXDO� S�YDOXH� LV� ������������
�FDOFXODWHG� FRPSXWDWLRQDOO\� ZLWK� ��������Ⴂ  ���
7KLV� LQGLFDWHV� WKDW� WKHUH� LV� VWURQJ� HYLGHQFH� WKDW�
VRPH� REVHUYDWLRQV� FRPH� IURP� �I �� 1RWH� WKDW�
SDUDPHWHUV�LQ�ERWK� �I DQG� �I �DUH�EHLQJ�HVWLPDWHG�
EDVHG�RQ�WKH���SW�JOREDO�POH��7KHVH�HVWLPDWHV�KDYH�
WR�EH�WDNHQ�LQWR�FRQVLGHUDWLRQ�LQ�XVLQJ�WKH�/03�WHVW�
VWDWLVWLF� WR� GHWHUPLQH� LI� VSXULRXV� REVHUYDWLRQV� DUH
SUHVHQW��$V�SRLQWHG�RXW�LQ�WKH�DSSHQGL[��LW�ZRXOG�EH�
LPSRVVLEOH�WR�HVWLPDWH� �I �LI�� �S  ��DQG�KHQFH�WKH�
GLVWULEXWLRQ�RI� WKH�/03�LV�QRW� FOHDU� LQ� WKLV�FDVH�� ,I�

�S! �� WKHQ�ZH� RQO\� QHHG� WR� FKHFN� WKH� UHJXODULW\�
FRQGLWLRQV� GLVFXVVHG� LQ� /HPPD� %��� DQG� 5HPDUN�
%���� )RU� WKH� H[SRQHQWLDO� GLVWULEXWLRQ� WKHVH�
FRQGLWLRQV�UHGXFH�WR�WKH�ILQLWHQHVV�RI�WKH�ILUVW� WKUHH�
PRPHQWV�� :H� QRZ� LOOXVWUDWH� VRPH� RI� WKHVH� LGHDV�
XVLQJ�JHQH�H[SUHVVLRQ�GDWD��7KH�DSSURDFK�KHUH�ZLOO�
VWDUW�E\�WKH�DVVLJQPHQW�IXQFWLRQ�WR�LGHQWLI\�SRVVLEOH�
DQRPDOLHV��H[SUHVVHG�JHQHV��WR�JHW�D�SRROHG�PRGHO��
$IWHU� WKDW�� ZH� GR� WKH� /03� WHVW�� (IURQ� �������
FRPSDUHG� SURVWDWH� GDWD� RI� � ��P  � QRQ�WXPRU�
VXEMHFWV� ZLWK� � ��P  � WXPRU� SDWLHQWV� IRU� HDFK� RI����
Q�  � ����� JHQHV� �VHH� 6LQJK� HW� DO��� ������� )RU� HDFK�
JHQH� WKH\� SHUIRUP� D� WZR�VDPSOH� W�WHVW� WR� FRPSDUH�
WKH� PHDQ� JHQH�H[SUHVVLRQ� EHWZHHQ� FDQFHU� DQG�
QRQFDQFHU�VXEMHFWV��/HW� LW IRU� �� ����L Q �GHQRWH�WKH�
WHVW� VWDWLVWLFV� XVHG� IRU� HDFK� JHQH�� )RU� JHQHV� WKDW�
KDYH� WKH� VDPH� PHDQ� H[SUHVVLRQ� YDOXHV� IRU� ERWK�
JURXSV� WL� ZLOO� IROORZ� D� FHQWUDO� W�GLVWULEXWLRQ� ZLWK

� � � ���P P ʝ  � GHJUHHV� RI� IUHHGRP�� (IURQ�
������� GHILQHV� � �� �� ���L L)] WႷʝ �� ZKHUH� Y)
GHQRWHV�WKH�FXPXODWLYH�GLVWULEXWLRQ�IXQFWLRQ��FGI��RI�
D� W�GLVWULEXWLRQ�ZLWK� Y � GHJUHHV� RI� IUHHGRP� DQG� Ⴗ
GHQRWHV�WKH�FGI�RI�D�VWDQGDUG�QRUPDO�GLVWULEXWLRQ��
7KHQ� WKH�GLVWULEXWLRQ� RI� L] � LV� VWDQGDUG�QRUPDO� IRU�
WKRVH�JHQHV�WKDW�KDYH�WKH�VDPH�PHDQ�H[SUHVVLRQ�IRU�
ERWK�JURXSV�RI�VXEMHFWV��(IURQ�WKHQ�ILWV�WKH�PL[WXUH�� � � ��I S SI I ʝ � �DV�IROORZV��6XSSRVH� I LV�D���
SDUDPHWHU� H[SRQHQWLDO� IDPLO\� DQG� HVWLPDWH� WKLV�
GHQVLW\� IURP� WKH� ]�YDOXHV�� REWDLQLQJ� ÖI �� 6XSSRVH�

�I �LV�WKH�VWDQGDUG�QRUPDO�GHQVLW\�DQG�HVWLPDWH�S�E\�
XVLQJ� � �� ��ORJ � S Iʝ � DV� D� ³TXDGUDWLF�
DSSUR[LPDWLRQ´� RI� ÖI �� )URP� WKLV� KH� HVWLPDWHV� WKH�
DVVLJQPHQW� IXQFWLRQ� �$ � �IDOVH� 'LVFRYHU\� UDWH���
7KHVH�FDOFXODWLRQV�FDQ�EH�GRQH�XVLQJ�WKH�5�SDFNDJH�
ORFIGU�� +H� GLVFRYHUHG� ��� JHQHV� XVLQJ� IDOVH�
GLVFRYHU\� UDWH�� GHFODULQJ� DQ� DQRPDO\� ZKHQ�

� ���$ � ��
$QRWKHU� DSSURDFK� IRU� WKLV� GDWD� LV� WR� ZRUN� GLUHFWO\�
ZLWK� WKH� W�YDOXHV�� /HW� �L� � DQG� �L� � EH� WKH�PHDQ�
H[SUHVVLRQV� RI� JHQH� L � IRU� WXPRU� DQG� QRQ�WXPRU�
VXEMHFWV� UHVSHFWLYHO\�� 6XSSRVH� WKH� YDULDQFH� RI� WKH�
JHQH�H[SUHVVLRQ� IRU� JHQH� L � LV� �LႴ LV� WKH� VDPH� IRU�
ERWK�JURXSV��7KHQ� LW �IROORZV�D�FHQWUDO�W�GLVWULEXWLRQ�
LI� � �L L� � �� :KHQ� WKH� PHDQV� DUH� GLIHUHQW� LW
IROORZV� D� QRQ�FHQWUDO� W�GLVWULEXWLRQ� ZLWK� QRQ�
FHQWUDOLW\� SDUDPHWHU�

� �

� �
� � �L L L
L P P
� �
ႴႥ ʝ § ·�¨ ¸© ¹

�� ,Q� HLWKHU�

FDVH�WKH�GHJUHHV�RI�IUHHGRP�DUH� � � �P P� ʝ ���
$VVXPH� WKDW� DOO�QRQ�FHQWUDOLW\�SDUDPHWHUV�KDYH� WKH�
VDPH� PDJQLWXGH�� L�H�� LႥ Ⴅ �� )RU� VLPSOLFLW\� DOVR�
DVVXPH�WKDW�KDOI�RI�WKH�QRQ�FHQWUDOLW\�SDUDPHWHUV�DUH�
SRVLWLYH� DQG� KDOI� DUH� QHJDWLYH�� ,I� WKH� SURSRUWLRQ�RI������
W�YDOXHV�WKDW�IROORZ�D�QRQ�FHQWUDO�W�GLVWULEXWLRQ�LV�S��
WKHQ� WKH� GLVWULEXWLRQ� RI� HDFK� LW � LV�� � � �� S I S II � ʝ ZKHUH� �I GHQRWHV� WKH�
GHQVLW\� RI� FHQWUDO� W�GLVWULEXWLRQ� DQG�
� �� ��J JI Ⴅ Ⴅʝ � GHQRWHV�WKH�GHQVLW\�RI�WKH�JHQHV�

ZLWK� GLIIHUHQW�PHDQ� H[SUHVVLRQ� DQG� JႥ GHQRWHV� D����
W�GLVWULEXWLRQ�ZLWK� � � � � �QRQ�FHQWUDOLW\�SDUDPHWHU� Ⴅ ��
:H�VKDOO� FRPPHQW�RQ� WKLV�FKRLFH�RI� �I � DW� WKH�HQG�
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RI�WKLV�VHFWLRQ��7KLV�PRGHO�RQO\�KDV�WZR�SDUDPHWHUV
WR� HVWLPDWH� S� DQG� Ⴅ �� 0D[LPXP� OLNHOLKRRG�
HVWLPDWLRQ� �POH�� FRXOG� EH� DFFRPSOLVKHG� XVLQJ� WKH�
([SHFWDWLRQ�0D[LPL]DWLRQ� �(0�� DOJRULWKP��
KRZHYHU�LW�LV�KDUG�WR�ZRUN�ZLWK�WKH�GHQVLW\�RI�WKH�W�
GLVWULEXWLRQ�� ,QVWHDG��ZH� XVH� D�PRGLILHG� YHUVLRQ�RI
WKH�(0�DOJRULWKP�ZLWK�DQ�DG�KRF��������0�VWHS��7KH�
LGHD�LV�WKDW� IRU�HDFK�JHQH��WKH�POH�RI� LႥ � LV�VLPSO\�
LW � E\� WKH� LQYDULDQFH� SURSHUW\� RI� WKH� POH� �UHSODFH�
�L� DQG� �L� ZLWK� WKHLU� POH
V�� WKH� POH� �LႴ � LV�

DSSUR[LPDWHG� E\� LWV� XQELDVHG� YHUVLRQ�� WKH� SRROHG�
YDULDQFH�HVWLPDWH���2QH�DG�KRF�HVWLPDWH�RI�Ⴅ FRXOG�
EH� WKH� DYHUDJH� RI� LW �� $� EHWWHU� HVWLPDWH� XVHV� WKH�
ZHLJKWHG� DYHUDJH� L LL L LZ W Z¦ ¦ ZKHUH� LZ � LV�
WKH�SRVWHULRU� SUREDELOLW\� RI� FRPLQJ� IURP� �I � JLYHQ�
LW ��)RU�WKH�0�VWHS�WKLV�ZHLJKWHG�DYHUDJH�ZDV�XVHG��
FDOFXODWLQJ� WKH� LZ � IRU� RQH� LWHUDWLRQ� XVLQJ� WKH�
HVWLPDWHV� IURP� WKH� SUHYLRXV� LWHUDWLRQ� DV� WUXH�
SDUDPHWHUV��)RU�WKH�SURVWDWH�GDWD�� WKH�SURSRUWLRQ�RI�
W�YDOXHV� ZLWK� �LW ! � DQG� WKH� DYHUDJH� RI� WKH�
DEVROXWH� W�YDOXHV� �L�H��� � �� ��� QW W Q� � �� ZHUH�
XVHG�DV�LQLWLDO�YDOXHV�IRU�S�DQG�Ⴅ ��UHVSHFWLYHO\��7KH�
LWHUDWLRQV�ZHUH�VWRSSHG�ZKHQ�WKH�FKDQJH�LQ�ERWK�Ⴅ
DQG�S�ZDV�QR�JUHDWHU� WKHQ� ���ʝ ��&RQYHUJHQFH�ZDV�
DWWDLQHG�LQ�����LWHUDWLRQV��JLYLQJ� ÖႥ � ����������DQG�
ÖS  �������������

),*85(���
$V\PSWRWLF�GLVWULEXWLRQ�WKHRU\�IRU�FRQWDPLQDWLRQ�PRGHOV�

+LVWRJUDP�RI�W���YDOXHV�FRUUHVSRQGLQJ�WR�WKH�SURVWDWH�JHQH�
H[SUHVVLRQ�GDWD�

)LJXUH���VKRZV�D�KLVWRJUDP�RI�WKH�W�YDOXHV�ZLWK�WKH�
HVWLPDWHG� GHQVLWLHV� VXSHULPSRVHG�� ,W� FDQ� EH� VHHQ�

WKDW�WKH�FHQWUDO�W�GLVWULEXWLRQ� �I �GDVKHG�OLQH��GRHV�
QRW�ILW�WKH�W�YDOXHV�YHU\�ZHOO�VLQFH�WKH�W�YDOXHV�KDYH�
D�KHDYLHU�WDLO��7KH�PL[WXUH�RI�WKH�WZR�QRQ�FHQWUDO�W�
GLVWULEXWLRQV� ZLWK� SDUDPHWHUV� Ⴅ � DQG� Ⴅʝ �� �I�GRWWHG� OLQH��� KHOS� WR� H[SODLQ� WKH� WDLOV��:KHQ� WKHVH�
WZR� GLVWULEXWLRQV� �I � DQG� �I � DUH�PL[HG�ZLWK� S� DV�
WKH�SURSRUWLRQ�IRU� �I ��WKHQ�WKH�ILWWHG�GLVWULEXWLRQ� I�VROLG�OLQH��ILWV�WKH�KLVWRJUDP�TXLWH�QLFHO\�XVLQJ�RQO\�
WZR�SDUDPHWHUV� �FRPSDUHG� WR� ILWWLQJ���SDUDPHWHUV���
7R� GR� WKH� /03� WHVW�� ZH� QHHG� WR� H[SORUH� WKH�
GLVWULEXWLRQ�RI� WKH�GHQVLW\� UDWLR� � �I I �� DQG� WKLV� LV�
TXLWH�KDUG�WR�GR�ZLWK�WKH�QRQ�FHQWUDO� W�GLVWULEXWLRQ��
7R�ZRUN� DURXQG� WKLV�� VXSSRVH� WKDW� WKH� YDULDQFH� RI�
WKH� UDWLR� LV� ILQLWH� DQG� MXVW� XVH� WKH� UHJXODU� FHQWUDO�
OLPLW� WKHRUHP�� $� UDQGRP� VDPSOH� RI� RQH� PLOOLRQ�
YDOXHV�IURP�D�FHQWUDO�W�GLVWULEXWLRQ�ZLWK�����GHJUHHV�
RI�IUHHGRP�ZDV�JHQHUDWHG�DQG�WKH�UDWLR� � �I I �ZDV�
FDOFXODWHG� IRU� HDFK� YDOXH�� ZKHUH� WKH� VDPSOH�
YDULDQFH� ZDV� ���������� 7KLV� HVWLPDWH� RI� WKH�
YDULDQFH� RI� � �I I � LV� DVVXPHG� WR� EH� WKH� WUXH�
YDULDQFH�� )RU� WKH� SURVWDWH� GDWD�� � � �� �� �

�
�������Q L

W WL L
WL

I I
I7 ʝ   ¦ DQG�DVVXPH�WKDW�

WKH� YDULDQFH� RI� � �I I � LV� ��������� 7KHQ�� LI� DOO�
REVHUYDWLRQV�DUH�IURP� �I �DQG�WKH�REVHUYDWLRQV�ZHUH�
LQGHSHQGHQW� WKHQ� � ��������Q Q7 Ⴔ  �� :KHQ�
FRPSDUHG� WR� WKH� TXDQWLOHV� RI� D� VWDQGDUG� QRUPDO�
GLVWULEXWLRQ�� WKLV� YDOXH� LQGLFDWHV� YHU\� VWURQJ�
HYLGHQFH�WKDW�VRPH�RI�WKH�JHQHV�KDYH�GLIIHUHQW�PHDQ
H[SUHVVLRQ�YDOXHV�IRU�WXPRU�DQG�QRQ�WXPRU�SDWLHQWV�
1H[W�� ZH� FUHDWHG� WKH� VHWV� L' �� DV� LQ� ������� DQG�
FDOFXODWHG� WKHLU� HPSLULFDO� SRVWHULRU� SUREDELOLWLHV�
XVLQJ� DQ� H[SUHVVLRQ� VLPLODU� WR� ������� L�H���� � � � � � � �� � �� ���� � FL L

Q L L
M ' M 'M ML Q S S3 ' I W I WW W ʝʢ ʢ ʓ ʓʝʨ ʚ ʚ

�� )LJXUH� �� VKRZV� WKH� ORJ� RI� WKHVH� SRVWHULRU�
SUREDELOLWLHV�� JLYLQJ� D�PD[LPXP�DW������ LQGLFDWLQJ�
WKDW� ���� JHQHV� KDYH� VLJQLILFDQW� GLIIHUHQFH� LQ� WKHLU
H[SUHVVLRQ� QXPEHU�� 6LQFH� (IURQ� ������� IRXQG� ���
DQRPDOLHV�� WKH� /03� WHVW� LV� XVHG� WR� YHULI\� WKH�
K\SRWKHVLV� �� � �� ���� �������S S+    �� ,Q�
WKLV�FDVH�WKH�WHVW�VWDWLVWLF�LV�

� �� � �
� �

� �
���������

Q
LQ S S

I I
I I7  
ʝ

�  ʝ ¦
6LQFH� Q7 � LV�WKH�VXP�RI�ERXQGHG�U�Y�
V� �3URSRVLWLRQ�
������WKH�UHJXODU�FHQWUDO�OLPLW�WKHRUHP�FDQ�EH�XVHG�WR�
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GHFLGH� RQ� D� UHMHFWLRQ� UHJLRQ�� $V� EHIRUH�� ZH�
VLPXODWHG�RQH�PLOOLRQ�VDPSOHV�IURP�D�FHQWUDO� W�DQG�
DQRWKHU� PLOOLRQ� IURP� WKH� QRQFHQWUDO� W� ZLWK�
QRQFHQWUDOLW\� SDUDPHWHU� ��������Ⴅ  �XVLQJ� Ⴅʝ
JLYHV� WKH� VDPH� YDULDQFH��� 7KHQ� ZH� FDOFXODWHG� WKH�
DYHUDJH� RI� WKHVH� WZR��ZHLJKWHG� E\� �� Sʝ DQG� �S
UHVSHFWLYHO\�� 7KLV� JLYHV� D� VDPSOH� YDULDQFH� IRU�� � � �� �� �� � � �� S SI I I Iʝ �ʝ � RI�

� ��������Ⴔ  �� 6R�� � ��������Q7 QႴ  ��
ZKLFK� LV� TXLWH� VLJQLILFDQW� ZKHQ� FRPSDUHG� WR�
TXDQWLOHV� RI� D� VWDQGDUG� QRUPDO� GLVWULEXWLRQ��
7KHUHIRUH�� ZH� FRQFOXGHG� WKDW� WKH� SURSRUWLRQ� RI�
DQRPDOLHV�LV�JUHDWHU�WKDQ����������

),*85(���
$V\PSWRWLF�GLVWULEXWLRQ�WKHRU\�IRU�FRQWDPLQDWLRQ�PRGHOV�

/RJ�SUREDELOLW\�RI�WKH�QXPEHU�RI��DQRPDOLHV��FRUUHVSRQGLQJ�
WR�WKH�SURVWDWH�JHQH�H[SUHVVLRQ�GDWD�

6LQFH� WKH� XVH� RI� W�YDOXHV� JDYH� ���� DQRPDOLHV�� ZH�
QRZ�UHSHDW�WKH�H[HUFLVH�IURP�WKH�SUHYLRXV�SDUDJUDSK
WR� WHVW� WKH� K\SRWKHVLV�

�� � ��� ���� �������S S+    �� 7KH� HVWLPDWHG�
YDULDQFH� RI� � � � �� �� �� � � �� S SI I I Iʝ �ʝ LV�
���������� 7KH� WHVW� VWDWLVWLF� LV� Q7 �  � ����������
ZKLFK� QRUPDOL]HG� JLYHV� � ��������Q7 QႴ  ��
7KLV� LQGLFDWHV� WKDW� WKH� SURSRUWLRQ� RI� DQRPDOLHV� LV�
JUHDWHU�WKDQ����������7KLV�VXJJHVWV�D�EHWWHU�PHWKRG
WR�LGHQWLW\�DQRPDOLHV�LV�QHHGHG��SRVVLEO\�RQH�EDVHG
RQ�D�FXWRII�IRU��� � �� � �I I Iʝ ���
,W� LV� ZRUWKZKLOH� WR� PHQWLRQ� WKDW� WKH� LQGHSHQGHQFH�
DVVXPSWLRQ� EHWZHHQ� JHQHV� PD\� QRW� EH� UHDOLVWLF��
:LWK� UHJDUG� WR� WKH� FKRLFH� RI� � �� ��J JI Ⴅ Ⴅʝ � ��
QRWH� WKDW� IRU� WKLV� GDWD� RQH� LV� RQO\� LQWHUHVWHG� LQ�
GHWHUPLQLQJ� ZKDW� JHQHV� KDYH� GLIIHUHQW� H[SUHVVLRQ�
QXPEHUV� DQG� QRW� WKH� GLUHFWLRQ� RI� WKH� GLIIHUHQFH��
7KXV�� RQH� FRXOG� FRQVLGHU� LW �� )RU� WKLV� V\PPHWULF�

VLWXDWLRQ� �I � VHHPV� DSSURSULDWH� WR� PRGHO� WKH�DQRPDOLHV� DQG� ZKDW� ZH� ZRXOG� UHFRPPHQG� IRU�
IXWXUH� GDWD� DQDO\VLV�� 7KLV� &KRLFH� ZRUNHG� ZHOO� IRU�
WKH�RULJLQDO�GDWD�VHW��EXW� WKH�ELRORJLFDO�MXVWLILFDWLRQ�
IRU� HTXDO� SURSRUWLRQV� RI� SRVLWLYH� RU� QHJDWLYHO\�
H[SUHVVHG�JHQHV�LV�QRW�FOHDU�WR�XV��
$SSHQGLFHV�
7KH� ILUVW� DSSHQGL[� VLPSO\� VWDWHV� VRPH� VWDEOH�
GLVWULEXWLRQ� UHVXOWV� XVHG� LQ� 6HFWLRQ� ��� ZKLOH� WKH�
VHFRQG� DSSHQGL[� FRYHUV� WKH� DV\PSWRWLFV� IRU� WKH�
VWDQGDUG� FDVH� ZKHQ� WKH� SDUDPHWHUV� RI� D� PL[WXUH�
PRGHO�DUH�LQ�WKH�LQWHULRU�RI�WKH�SDUDPHWHU�VSDFH��
$�*HQHUDOL]HG�FHQWUDO�OLPLW�WKHRUHPV�
7KH� OHPPDV� LQ� WKLV� VHFWLRQ� DUH�ZHOO� NQRZQ� UHVXOWV�
ZKLFK� JLYH� XV� WKH� OLPLWLQJ� GLVWULEXWLRQV� RI� L=¦ ��
SURSHUO\�QRUPDOL]HG��VHH�*HOXN�DQG�GH�+DDQ��������
DQG� WKH� UHIHUHQFHV� WKHUHLQ��� $� VWDEOH� GLVWULEXWLRQ�
ZLWK� SDUDPHWHU� Ⴂ �� � �Ⴂ ˯ �� LV� GHILQHG� E\� LWV�
FKDUDFWHULVWLF�IXQFWLRQ� � �WႢႷ �JLYHQ�E\�
� � � � � � � �� �

�H[S �� VLJQ WDQ �
WDQ �
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LW
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� �$��E��
ZKHQ� �Ⴂ  �� � ��Ÿႌ �LV�WKH�GHULYDWLYH�RI�WKH�JDPPD�
IXQFWLRQ� HYDOXDWHG� DW� �� �WKH� QHJDWLYH� RI� (XOHU
V�
FRQVWDQW��� )RU� �Ⴂ  � WKH� VWDEOH� GLVWULEXWLRQ�
EHFRPHV�D�QRUPDO�GLVWULEXWLRQ�ZLWK�YDULDQFH����
7R� FDOFXODWH� TXDQWLOHV� DQG� SUREDELOLWLHV� IRU� WKLV�
GLVWULEXWLRQ� RQH� FRXOG� XVH� WKH� 5� IXQFWLRQV� TVWDEOH�
DQG� SVWDEOH� �IURP� SDFNDJH� I%DVLFV�� VHWWLQJ� WKH�
SDUDPHWHUV� DV� DOSKD�  � Ⴂ �� EHWD�  � ��� JDPPD�  � ���
GHOWD�  � � �WDQ �ႢႱ � DQG� SP�  � ��� ,Q� WKH� FDVH� RI�

�Ⴂ  � WKH� SDUDPHWHU� GHOWD� VKRXOG� EH� VHW� WR�� �� � ���������ႱŸႌ ˓ʝ �� 7DEOH� ,9� VKRZV� VRPH�
TXDQWLOHV�IRU�VHOHFWHG�YDOXHV�RI�Ⴂ ��
/HW� �� ���� Q= = �EH� LLG�ZLWK� � �� �3 = D  IRU�VRPH�
ILQLWH� D�� :H� VD\� WKDW� �= � LV� LQ� WKH� GRPDLQ� RI�
DWWUDFWLRQ�RI�DQ�Ⴂ �VWDEOH�ODZ��GHQRWHG�E\� �= 'Ⴂʓ ��
LI�WKHUH�H[LVW�UHDO�VHTXHQFHV� QD �DQG� Q� �IRU�ZKLFK�

� ��
� Q

L L QQ
=D � ʝ¦
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FRQYHUJHV� LQ� ODZ� WR� D� VWDEOH� GLVWULEXWLRQ� ZLWK�
SDUDPHWHU� Ⴂ �� 7KH� IROORZLQJ� WZR� OHPPDV� JLYH�
QHFHVVDU\�DQG�VXIILFLHQW�FRQGLWLRQV�IRU� �= 'Ⴂʓ ��

7$%/(�,9�
$V\PSWRWLF�GLVWULEXWLRQ�WKHRU\�IRU�FRQWDPLQDWLRQ�PRGHOV�

4XDQWLOHV�RI�WKH�VWDEOH�GLVWULEXWLRQ�

/HPPD�$����)RU� � �Ⴂ � �= 'Ⴂʓ � LI� DQG�RQO\�
LI� � � � ��5 ] 3 = ] LV�UHJXODUO\�YDU\LQJ�ZLWK�LQGH[�Ⴂ ��L�H��� � �� �OLPW

5 W] ]5 W
Ⴂʝ

ȝʩ  � �$����
:KDW� DUH� VXLWDEOH� FKRLFHV� IRU� Q� � DQG� QD "�:KHQ�

�Ⴂ �� WKH� UHJXODU� YDULDWLRQ� FRQGLWLRQ� HQVXUHV� WKDW�� ��( = �H[LVWV�DQG�LV�ILQLWH��VR�DQ�DSSURSULDWH�FKRLFH�
RI� Q� � ZKHQ� � �Ⴂ LV� � ��Q ( =�  �� :KHQ�
� �Ⴂ D� ILWWLQJ� RSWLRQ� LV� �Q�  �� )RU� �Ⴂ  � D�
VXLWDEOH�FHQWHULQJ�VHTXHQFH�LV�

� �� � � �� �� �PLQ �� PD[ ��
� Q

D D
D

Q = =3 W GW 3 W GW�  ˯ �³ ³ �
�$����

)RU� DQ� DSSURSULDWH� QD �� OHW�� � � �FRV� �VႢ Ⴂ ႢႱ ႌ ʝ IRU� � �Ⴂ DQG�

� � � �� VLQ �VႢ ႱႢ ႢႱ ႌ IRU� � Ⴂ˯ �� $� ILWWLQJ�
VHTXHQFH� QD �RI�QRUPDOL]LQJ�FRQVWDQWV�ZRXOG�VDWLVI\�
WKH�FRQGLWLRQ� � �� �OLPQ Q3 = DQVႢȝʩ  ! � � �$����
7DEOH�9�VKRZV�VXLWDEOH�FKRLFHV�IRU� QD �JLYHQ�FHUWDLQ�
WDLO� EHKDYLRUV�� &RQGLWLRQ� $��� DOVR� PDNHV� QD � DQ�
DSSURSULDWH� QRUPDOL]LQJ� FRQVWDQW� IRU�^ `�PD[ ����� QQ0 = = �VLQFH�� �Q Q

P V3 0 D P H Ⴂ Ⴂʝʝ˯ ȝ �$����
L�H���WKH�)UpFKHW�GLVWULEXWLRQ��

7$%/(�9�
$V\PSWRWLF�GLVWULEXWLRQ�WKHRU\�IRU�FRQWDPLQDWLRQ�PRGHOV�
1RUPDOL]LQJ�FRQVWDQWV�IRU�VRPH�VSHFLILF�WDLO�EHKDYLRUV� �� � �� � �F E Ⴂ� �ʩ ! � �
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FRQYHUJHV� LQ� GLVWULEXWLRQ� WR� D� VWDEOH� ODZ� ZLWK�
SDUDPHWHU� �Ⴂ ��
�)RU� �Ⴂ �� WKH� QRUPDO� FDVH�� OHW� � ��( =�  � DQG�
� � � � � � � � � �� �

W DK W ] = ] G] ] = ] G]3 3�� � � ʝ ! ʝ ʝ ˯³ ³
DQG�OHW� QD �EH�D�VHTXHQFH�RI�UHDO�QXPEHUV�VDWLVI\LQJ�� �

� �OLPQ
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Q
D

D
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1RWH�WKDW�LI�WKH�YDULDQFH�RI� �= �H[LVWV�DQG�LV�ILQLWH�
WKHQ� � � � ��YDU �K W =ȝ DV� W ȝ ʩ��LQ�ZKLFK�FDVH�

� ���� YDUQ Q =D  ��
/HPPD�$��� � �K W �LV�VORZO\�YDU\LQJ��L�H���UHJXODUO\�
YDU\LQJ�RI�RUGHU�����WKHUHIRUH� � ��( =�  �ʩ��LI�
DQG�RQO\�LI� � ��

� LQ L
Q =D � ʝ¦

FRQYHUJHV�LQ�ODZ�WR�D�QRUPDO�GLVWULEXWLRQ�ZLWK�PHDQ
��DQG�YDULDQFH�����
,I� � �K W � LV�VORZO\�YDU\LQJ��ZH�VD\� WKDW� �= � LV�LQ�WKH�
GRPDLQ� RI� DWWUDFWLRQ� RI� D� ��VWDEOH� ODZ� �QRUPDO�
GLVWULEXWLRQ�ZLWK�YDULDQFH�����7DEOH���JLYHV�VXLWDEOH�
FKRLFHV� IRU� FHUWDLQ� WDLO� EHKDYLRUV� ZLWK� VORZO\�
YDU\LQJ� � �K W ��

7$%/(�9,�
$V\PSWRWLF�GLVWULEXWLRQ�WKHRU\�IRU�FRQWDPLQDWLRQ�PRGHOV�

1RUPDOL]LQJ�FRQVWDQWV�IRU�VRPH�VSHFLILF�WDLO�EHKDYLRUV�RI�
GLVWULEXWLRQV�LQ�WKH�GRPDLQ�RI�DWWUDFWLRQ�RI�WKH�QRUPDO�ODZ� �� � �F E� �ʩ !

%�$V\PSWRWLFV�IRU�WKH�0/(�RI�D�N�SRLQW�PL[WXUH�
7KH� QH[W� OHPPD� VWDWHV� WKH� DV\PSWRWLF� GLVWULEXWLRQ�
IRU� WKH� N�SRLQW� 0/(� RI� WKH� PL[LQJ� GLVWULEXWLRQ�4
ZKHQ�4�LV�D�GLVFUHWH�SUREDELOLW\�PHDVXUH�RQ�႑ �ZLWK�
N� GLVWLQFW� PDVV� SRLQWV�� �� ���� NႩ Ⴉ �� DQG� UHVSHFWLYH�
PDVVHV�� �� ���� NS S �� +HUH� ZH� DVVXPH� WKDW� �� ���� NႩ Ⴉ
DUH� LQ�WKH�LQWHULRU�RI� ႑ �DQG�WKDW�DOO�WKH�PDVVHV�DUH�
SRVLWLYH�DQG�OHVV�WKDQ����7KH�IROORZLQJ�QRWDWLRQ�ZLOO�
EH� XVHG�� /HW� � ��� ���� NႩ Ⴉ Ⴉ �� � � �� �� ���� NS S S ʝ 
DQG� � � � �� � � � � ��� ���� � ���� � ����N N NS SႨ Ⴈ Ⴈ Ⴉ Ⴉʝ ʝ  ��
7KHQ��� � � � � � � �
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/HW� �� ���� Q; ; �� EH� LLG� IURP� � ��I [ Ⴈ � DQG� OHW� ÖႨ
GHQRWH� WKH� POH� EDVHG� RQ� �� ���� Q; ; �� )RU�
� �� ���� � �L M N ʝ � OHW�
� � � � � �� �FRY ORJ � � ORJ �LM L MI I, ; ;ႨႨ Ⴈ ႨႨ Ⴈ§ ·¨ ¸¨ ¸© ¹ʍ ʍ ʍ ʍ
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IRU�4�RXWVLGH�WKH�FRYHU�J��
,W� IROORZV� IURP� WKH� VWURQJ� ODZ� DQG� ������ WKDW�� �� ��ÖOLP � � �Q3 G 4 4 Ⴒ  ZKHUH� ÖQ4 � LV� WKH���������
N�SRLQW� POH�� 6LQFH� Ⴒ � LV� DUELWUDU\�� ÖQ4 � FRQYHUJHV�
DOPRVW�VXUHO\�WR� �4 ��

�� $&.12:/('*(0(176�
��7KLV� ZRUN� ZDV� LQLWLDWHG� ZKHQ� DOO� WKUHH� DXWKRUV�
ZHUH� LQYROYHG� LQ� WKH� $QRPDO\� 'HWHFWLRQ�:RUNLQJ�
*URXS� DW� WKH� 6WDWLVWLFDO� DQG�$SSOLHG�0DWKHPDWLFDO�
6FLHQFHV� ,QVWLWXWH� �6$06,���7KH� ILUVW� DXWKRU�ZDV� D�
SRVW�GRFWRUDO� IHOORZ� DW� 6$06,� DQG� WKH� 1DWLRQDO�
,QVWLWXWH� RI� 6WDWLVWLFDO� 6FLHQFH� �1,66���7KH� DXWKRUV�
ZRXOG� OLNH� WR� WKDQN� 6$06,� DQG� 1,66� IRU� D�
VWLPXODWLQJ�HQYLURQPHQW�DQG�VXSSRUW�ZKLOH�WKHUH��,Q
SDUWLFXODU��VXSSRUW�IURP�6$06,�IRU�DOO�WKUHH�DXWKRUV�
ZDV�IXQGHG�E\�16)�XQGHU�*UDQW�'06���������DQG�
VXSSRUW� IURP�1,66� IRU� WKH� ILUVW� DXWKRU�ZDV� IXQGHG�
XQGHU� JUDQW� (,$��������� ,Q� DGGLWLRQ�� WKH� WKLUG�
DXWKRU�ZDV�SDUWLDOO\�VXSSRUWHG�E\�16)�*UDQWV�'06�
��������DQG�'06����������
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>��@� :$/'�� $�� �������� 1RWH� RQ� WKH�
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